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Abstract

This Independent Learning Project examines some of the short comings of constructivist math with a special focus on the Connected Math Program (CMP).


A review of literature relevant to this topic reveals the math areas where CMP implemented as a stand alone curriculum is not sufficient. These areas are captured and linked to supplementation exercises that assist in bridging the deficiencies that have been exposed.


A series of questions and elaborating comments are given to provide parents and administrators the information needed to build a core knowledge base about CMP from which critical judgments can be formulated.


The project presents detailed new analysis of CMP texts which are critical to the development of math skills and concepts in the early middle school years.

The project concludes with further text analysis and actual in-class observation of CMP taught classes. Recommendations for improvement are given.
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1 Problem Statement

Math proficiency in this country was found to be lacking in the early 1990’s. This led to funding of research on creating a new math curriculum to correct this situation. One of the main programs that arose out of this research, and which has been endorsed by the U.S. Department of Education, was CMP (Connected Math Program). This curriculum is now used throughout the U.S., but is this popular curriculum the complete and only answer? Some think not.


Though CMP has many strengths, a number of school systems, states, and leading members of the scientific community have pointed to some of its flaws. Based on the experience and evaluation outside of CMP’s core supporters, as well my own observations and those of teachers with which I have discussed this topic, there appears to be a need to supplement a pure CMP curriculum with additional procedural and computational methods in order to obtain a better balance between the qualitative and quantitative components of math learning. Additionally there appears to be a need to bring together information about CMP in a more summarized and concise fashion that delineates some of the deficiencies of CMP. These would be deficiencies that have been discovered via the experience of school systems that have tried CMP as well as from the evaluation of CMP and its materials performed by various parties.


It is proposed to provide data in the form of experiences and reviews that have found CMP deficient, and the reason for finding so. Also to be included in the research data would be a compilation of a dialogue of CMP deficiencies from respected members of the community along with evaluation of CMP’s textbooks. A handbook which details supplemental material to be added to a CMP curriculum for key category areas for one of the upper Middle School grades would be provided. Also included in the handbook would be a summary of the researched information collected and organized in such a fashion has to be appropriate to disseminate among school administrators, teachers, as well as parents, in order to assist them in making an informed decision on the possible implementation of a CMP curriculum within their school system.

There is much formal material available that speaks to the positives of CMP, but the deficiencies of CMP, as well as other new reformist math curriculums, require more investigation, substantiation, and documentation. Strengths of CMP and the other new reformist math programs will be captured within the scope of the project proposed here, but a major focus will be on those perhaps less discussed weaknesses of CMP that may not receive enough of attention when CMP is being considered for implementation within a school system. One main objective therefore is to provide a body of alternative information for CMP, and reformist math programs in general, that could be used as an informational reference on some of the drawbacks of implementing such reformist math programs in a school district. The other main objective is to provide supplementation guidance for those school districts who have already implemented such a program.
2 Literature Review
2.1 The Need for CMP Supplemental Information and Augmentation

A summary of researched information regarding the weaknesses of CMP (Connected Math Program) is needed to provide a sufficient knowledge base from which school districts and parents can make informed choices. School districts and Parents need to have a compilation of alternative information for CMP as they may not have the time to bring this material together themselves. To that end, there appears to be a need to provide a compiled and summarized version of CMP weaknesses as spoken from the technical community and educators that have had exposure to the curriculum.
2.2 Background History and Terminology

Before examining some of the details with CMP, some background history of U.S math curricula and its instruction is necessary to understand the state of affairs that drove the rise of such math programs as CMP. In 1981 (as cited in National Commission of Excellence in Education, A Nation at Risk, 1983, Introduction), the then Secretary of Education, T.H. Bell, created a commission to investigate the quality of education in the U.S. and report back their findings in 18 months. The commission submitted their report, entitled “A Nation at Risk” (National Commission of Excellence in Education, 1983) to the Secretary of Education in 1983. This report revealed a disturbing state of affairs and as well as some disturbing statistics in the U.S. Educational system. Among some of the noted points of deep concern in the report were the following:
· International comparisons of student achievement, completed a decade ago, reveal that on 19 academic tests American students were never first or second and, in comparison with other industrialized nations, were last seven times. 
· Average achievement of high school students on most standardized tests is now lower than 26 years ago when Sputnik was launched. 
· Average achievement of high school students on most standardized tests is now lower than 26 years ago when Sputnik was launched. 

· The College Board's Scholastic Aptitude Tests (SAT) demonstrate a virtually unbroken decline from 1963 to 1980. Average verbal scores fell over 50 points and average mathematics scores dropped nearly 40 points. 
· Many 17-year-olds do not possess the "higher order" intellectual skills we should expect of them. Nearly 40 percent cannot draw inferences from written material; only one-fifth can write a persuasive essay; and only one-third can solve a mathematics problem requiring several steps. (A Nation at Risk, Indicators of Risk)
In the late 1980’s and early 1990’s there was evidence that U.S students had fallen behind other nations in math proficiency and in fact were not among the leaders. Even more recently a study showed that this ranking was still in effect. In a 1999 international study of mathematics and science education, U.S. students finished 19th out of 38. (Ware, 2004).

In response to this, the NCTM (National Council of Teachers of Mathematics) published a national math standard in 1989 called the ‘Principles and Standards for School Mathematics’, and then produced another revised addition in 2000 called ‘Standards 2000’. At the heart of the new standards was a framework that was based on exploratory learning to learn concepts and a downplay of rote memorization of algorithms and tables as well as repetitive drilling. This view is articulated in the NCTM’s Standard’s 2000 Discussion Draft (as cited in Ross, 2001, Math Wars)  as follows.
Many adults are quick to admit that they are unable to remember much of the mathematics they learned in school. In their schooling, mathematics was presented primarily as a collection of facts and skills to be memorized. The fact that student was able to provide correct answers shortly after studying a topic was generally taken as evidence of understanding. Students ability to provide correct answers is not always an indicator of a high level of conceptual understanding. (Standards 2000 Discussion Draft, p. 33; Ross 2001).
In this new model, teachers guide student discovery of math concepts via the Socratic method of directed questioning to enable students to construct their own knowledge about the concept at hand. It is purported that this style of learning engenders students to have deeper understanding and longer retention of math concepts. This view of learning is called “constructivism”, and proponents of this style of learning are called “constructivists”. 
A Constructivist based math curriculum in current day terminology may be referred to as reformist math, or another popular term coined by the naysayers of constructivist based math is “fuzzy math”. A constructivist based math curriculum may also typically implement a technique called “spiraling.” With spiraling, mastery of the concept, and the efficient use in applying it is not assumed, or overly stressed by the completion of its first presentation. It will be revisited again at some later date in another context at which time the student having had previous exposure theoretically will more easily be able to grasp it and more fully come into an understanding of it.
The other major learning method in the U.S is currently referred to as traditional math. In this style teachers instruct the students in algorithms (such as long hand division) and other mathematical abstractions. Repetition of math skills such as multiplication, division, and other basics are routinely performed within a grade level and across grade levels. Traditional math is the antithesis of reformist math. The traditionalist math view of instruction may also be coined by the term “instuctivism” and those holding that view may be referred to as “instructivists”. Another popular term for the traditionalist pedagogy is “Direct Instruction.”

The major cornerstones from which math curriculums are framed must each be compared and weighed against competing points of view in order to draw out the differences in order to bring to light the possible existence of deficiencies amongst the different curriculums. One of these cornerstones that helps enunciate the differences and therefore the possible existence of deficiencies is conceptual based learning via discovery versus algorithm instruction and memorization.

2.3 Conceptual Thinking and Memory Retention
Though a math curriculum on per school system may not strictly be implemented without deviation from the perspective upon which it is based, still there may be major tenets characterized by of one of these two views, constructivism or direct instruction,  that may be embodied and prevalent across a math curriculum. David Ross (Ross, 2001) states that the main difference between the two views could be elucidated as “conceptual thinking versus the traditional algorithms”. Ross goes on to further briefly summarize his opinion on the difference of the holders of the two disparate views.

The reformers think that students should struggle with mathematical problems on their own and that, from these struggles, methods of solving the problems will emerge. Having devised these methods themselves, students will understand the abstract conceptual structure of the methods. Their opponents think that unless students are taught the traditional algorithms, they will not be able to do math.
Core to the differences between the two views is a firm understanding of the word “concept’ and the phrase ‘conceptual thinking’. Ross (Ross, 2001) states that “A concept is a mental integration that is achieved through abstraction. By identifying similarities and abstracting away from differences among particular things – differences that are unimportant in some contexts – we unite these things in thought.” Ross writes that conceptual thinking is referred to as “good thinking” that “makes efficient use of the human capacity for abstraction.” Ross cites some examples of ‘concept’ that assist in understanding its context in the following.

The concept “ape” refers to any of a wide variety of animals; it abstracts away from the differences between for example, Koko (the famous signing gorilla) and J. Fredd Muggs (the TV star chimpanzee). The concept “seven” refers to any instance of that particular quantity; it abstracts away from the differences between Kurosawa’s samurai and Disney’s dwarfs. Concepts are a way of organizing information efficiently. They provide a cognitive economy that allows us to structure into manageable units the massive amount of information we receive through our senses (Ross, 2001).
An important aspect to learning is memory retention and retrieval. If what is learned is not retained or retrieved easily, then the knowledge acquired cannot be applied in a timely manner when the need arises to resolve the problem or task at hand. In regards to this topic the constructivist and traditionalist math views need to be examined to determine if there really is a better way to retain and retrieve the math knowledge that has been learned.

Examples of modern day constructivist thought on memory retention are elucidated in statements such as the following: “Students who construct mathematics for themselves are not going to “forget” how to do it over the summer. They will keep trying to make sense out of problems.” (Mokros, Russel, & Economopoulos, 1995, p. viii). This constructivist view point on math memory retention is further elaborated upon again in ‘Beyond Arithmetic’ (Mokros, Russel, & Economopoulus, 1995, p.72) in a statement that is to some degree cited to be based on a journal publication article by Gray and Tall entitled “Duality, Ambiguity, and Flexibility: A ‘Proceptual’ View of Arithmetic” (Gray & Tall, 1994). From ‘Beyond Arithmetic’ the following reinforcing thought on the constructivist perspective on the link between the dynamics of constructing knowledge and remembering what one has learned is given further enunciation.
Yes, elementary school students should become very familiar with the basic addition, subtraction, multiplication, and division facts. But math educators are finding it essential that students’ familiarity grow out of lots of experience with constructing these facts on their own (Gray and Tall, 1994). Just as we become familiar with a dance step by doing it many times, on different occasions, with different music, students become familiar with basic operation by using them often in different contexts. After a while, they will be able to remember many or most of the more simple calculations. Keep in mind that some students remember more easily than others, and that lack of a good memory should not interfere with being a good mathematician (p. 72).

Referencing back to Ross again, his view can be perceived to generate an interesting dichotomy when held in comparison to the constructivist point of view. Ross’s view may as different in that it could be perceived that learning the abstracted procedure or method first at some level is a prerequisite to understanding and subsequently appreciating the concept. In the constructivist view, the process of an experience generates the understanding of the concept from which an abstraction can then be derived and meaningfully applied. Ross brings into play the example of words as concrete symbols representing concepts and develops the idea of how an algorithm is similar. He writes, “The word is a perceptual tag, a pointer that directs our attention to a concept’s referents, and the information about them that the concept has condensed.” Here we have the theme that an abstraction symbol such as a word, or equivalently a rote math procedure, creates a memory access point, if you will, under which the concept is collected and condensed to its final form. Ross (Ross, 2001) goes on to finish his thought as he states, “The formal mechanics of an algorithm, for example, allow us to bring a deep detailed analysis to bear on a newly encountered problem, and to solve the problem by associating it with a simple superficial pattern.”

Ross (Ross, 2001) later states a learning example of his own daughter upon which some his of conclusion(s) might be based.

We teach children to determine quantities by teaching them this rote procedure. These days, I happen to be doing exactly that with my year-old daughter. I point to the horses on the carousel and I say “one, two, three…” I do the same for her fingers, for the glow-in-the-dark planets on her bedroom ceiling, for all sorts of other things. At first my daughter saw no particular similarity between the horses and the fingers. In fact, the first similarity that she saw was that I associated the rote procedure with each. Were it not for my repetition of the rote procedure, and her slow memorization of it, she would probably never identify the similarities in quantity on which the number concepts are based (The Math Wars).
And in regards to exploratory learning of number basics Ross says, “Imagine if I tried to get my daughter to learn numbers without using the recited number series; imagine if I tried to get her to devise her own method for determining how many”(Ross, 2001). And Ross’s conclusion to this learning example proposes that the abstracted method, in this example counting, preceded the understanding of the concept and provided the anchor point for which the concept could be abstracted. He writes, “The memorized rote procedure provides a mental locus at which my daughter can store and integrate the data that she needs to organize conceptually. Beyond this, the structure of the rote procedure reflects the structure of the underlying facts; it provides my daughter with clues about what she should be attending to” (Ross, 2001). And in another word example of associating the sound ‘duck’ with concept of ‘duck’ which has a certain motion, color, and shape Ross summarizes his thoughts around the example of the concept of ‘duck’, “Pedagogically, memorizing that word gives us access to the facts that underlie the concept. The word is a label on the mental file folder that is the concept, and memorizing the word opens that folder” (Ross, 2001). And later he writes in another example having to do with students being instructed to memorize Newton’s first law and other such examples, “Their crude understanding of the memorized proposition guides them in accumulating empirical support for the law…As they acquire data the memorized proposition provides a mental locus at which they can integrate them” (Ross, 2001).
Ross introduces the idea that a rote memorized algorithm could be a memory hook or index under which to ultimately collect and condense information into its final concept form as opposed to learning the concept first which anchors the algorithm. Secondly Ross’s view also pulls in another important thought that a complex concept such as division (from which the method of long division is an abstraction) could begin to be understood by first starting with the memorized algorithm, e.g. the method of long hand division, which is then used as a springboard or knowledge base from which to delve into the sub components of the concept, such as the sub components of division..
There is other support that knowledge gained through instruction can be retained equal to or even better than via the discovery process as can be seen in the following statement, “People are sometimes better at remembering information that they create for themselves than information they receive passively, but in other cases they remember as well or better information that is provided than information they create” ( Anderson, Reder, & Simon, 2000, Constructivism). This conclusion is cited to be based on to some degree of the work of Slamecka & Kasaiti  (Slamecka & Katsaiti, 1987) and other work of Stein & Bransford (Stein & Bransford, 1979).
The learning model that Ross has elucidated elicits the age old question “which came first the chicken or the egg.” Did the concept come before the abstracted symbol (or algorithm) or vice versa. 
Ross goes on to make some further points in regards to algorithms. The fact of the matter is that most people do not have the cognitive ability to reinvent complex algorithms such as long division, nor do young students have the ability to reinvent addition. In support of this idea, Ross (Ross, 2001) cites a ‘Standards 2000 Draft’ example of a second grade girl who recounted her addition of 153 and 273 strategy. Though the second grade girl articulated her strategy very well, as Ross wrote, “…we must be careful about what we mean if we are going to say this solution is the result of a strategy that she devised herself. Her strategy is really a minor variant of method that someone taught her. She has clearly been taught how to represent numbers in base ten, what such representations mean, and how these representations can be used to simplify the addition of two numbers” (Ross, 2001). 

So here a different conclusion could be reached than what was originally intended to be a positive example of constructivism, in that construction can be based on a minor, variation of previously instructed method and information. And if this is typically the case, rather then the exception in discovery learning, then since it is only minor variants that are mostly being discovered then there may actually mot be any significant cognitive synthesis and assimilation of concept at play with all the purported benefits. The purported benefits being such attributes as deeper understanding of a concept, and long lasting memory retention thereof.

Ross does not favor rote memorization without a follow up into an understanding of the tenets of which the item being memorized is based. His opinion of conceptual learning is that a good teacher can guide a student who has mastered an algorithm towards the trends that compose the underlying concept and that this will lead to deeper understanding of the underlying concept. Ross writes (Ross, 2001) in regards to the student exploring the complex concept from previous mastery of the algorithm or method, “…the algorithm reveals patterns that express its terse, elegant, logical structure…A student who could never devise such a method can grasp its workings more easily than its inventor because the algorithm itself makes obvious the logical subtleties on which it is based.”
Finally in regards to memory retention, perhaps there will be times, perhaps many times, when students cannot self construct the knowledge they are to learn and thus they would not have an effective cognitive experience that would be necessary to anchor retention.  Another side of such failure to self construct knowledge is a cost in classroom time to take an adventure that does not result in learning. This is summarized in the following statement. “When students cannot construct the knowledge for themselves, they need some instruction. There is very little positive evidence for discovery learning and it is often inferior. In particularly, it may be costly in time, and when the search is lengthy or unsuccessful, motivation commonly flags.” ( Anderson, Reder, & Simon, 2000, Constructivism). 
It may be worthwhile to consider the range and depth of student constructed knowledge that takes place during a class period. It may be that some students may not have an experience of self constructed knowledge at all, or may only weakly experience it. If this was the case then one might expect the memory retention to not be very strong for some percentage of the students in the class. For such students, teacher instructed knowledge may be of much greater benefit as the student is at least left with a highly coherent thread of valid knowledge that has the possibility to be absorbed, rather than a fractured learning experience out which possibly nothing or very little is retained.
2.4 Discovery Learning Versus Instructed Learning
The reformed math curriculums, such as Connected Math, are based on setting up students to explore for solutions and essentially construct the knowledge they need to solve problems. This method as previously described is called constructivism. Per Katherine Esposito (Esposito, 2001) constructivism emanates from the work of John Dewey and the developmental psychologist Jean Piaget. 
As discussed in ‘Constructing Knowledge In The Classroom’ (Constructing Knowledge In The Classroom, 1994, Building an Understanding of Constructivism section, para. 2) the emphasis of discovery in the constructivist learning model of contemporary times is too a significant degree traced to Jean Piaget and John Dewey. Piaget (as cited in Constructing Knowledge In the Classroom, 1994, Building an Understanding of Constructivism section, para. 4) stated: “To understand is to discover, or reconstruct by rediscovery, and such conditions, must be compiled with if in the future individuals are to be formed who are capable of production and creativity and not simply repetition” (Piaget, 1973). As can be seen in this statement ‘discovery’ is a key tenet in the learning model per Piaget. 
As mentioned above, along with Jean Piaget, John Dewy also significantly influenced the idea of the importance of discovery learning in his work entitled ‘Democracy and Education’ (Dewey, 1966). John Dewey’s major impact on constructivist thought is made clear in the article ‘Constructing Knowledge In The Classroom’ (Constructing Knowledge In The Classroom, 1994) which states:

For Dewey education depended on action. Knowledge and ideas emerged only from a situation in which learners had to draw them out of experiences that had meaning and importance to them (see Democracy and Education, 1916). These situations had to occur in a social context, such as a classroom, where students joined in manipulating materials and, thus, created a community of learners who built their knowledge together. (Building an Understanding of Constructivism section, para.3) 
Katherine Esposito in her article ‘New Math, New Questions’ expounds further on the meaning of constructivism and its roots where she writes (Esposito, 2001):

In the lingo of reform math, “rote learning” is a dirty phrase. Considered by reformers to be the obsequious memorization of facts and problem-solving equations (or algorithms; 3 x 4=12 is an algorithm for multiplication), learning by rote helps a few kids and misses many more who never get the meaning, reformers say. 

Instead, a new concept has been substituted, dubbed “constructivism,” that allows kids to discover that meaning for themselves, and, the theory goes, to walk away with a deeper basis for further study. 


“Children who do not generate their own ways of solving problems are left with a shallow collection of rules and definitions, rather than with real mathematical understanding,” say the authors of Beyond Arithmetic, a teacher’s guide to TERC’s Investigations math program, now used at Glendale Elementary. [(Mokros, Russell, &Economopouos, 1995, Beyond Arithmetic, p.13)]

The core idea comes from the work of Jean Piaget, the famous psychologist who studied how children learn. But also embedded in the new curricula is the idea that math ought to be fun. Every new lesson in Connected Math begins with a ”math investigation” that has a “launch,” continues with an “explore,” and concludes with a “summary” (Esposito, 2001, Teaching Kids to Think section).

There is some study though that indirectly counters the argument based on Jean Piaget’s work that is used by constructivists. In their paper regarding the misapplications of coginitve research in mathematics learning (Anderson, Reder, & Simon, 2000), Anderson, Reder, and Simon make the following statements:

One finds frequent reference to Jean Piaget as providing a scientific basis for constructivism. Piaget has had enormous influence on our understanding of cognitive development and indeed was one of the major figures responsible for the emergence of cognitivism from the earlier behaviorist era in psychology. While it is fair to say that many of his specific claims have been seriously questioned, the general influence of his theoretical perspective remains. Key to constructivism is Piaget's distinction between assimilation and accommodation as mechanisms of learning and development. Assimilation is a relatively passive incorporation of experience into a representation already available to the child. However, when the discrepancies between task demands and the child's cognitive structure become too great, the child will reorganize his or her thoughts. This is called accommodation (and often nowadays, "re-representation").

Piaget emphasized how the child internalizes by making changes in mental structure. The constructivists make frequent reference to this analysis, particularly the non-passive accommodation process. (In this respect, constructivism is quite different from situated learning which emphasizes the external bases of cognition.) A more careful understanding of Piaget would have shown that assimilation of knowledge also plays a critical role in setting the stage for accommodation--that the accommodation cannot proceed without assimilation. (Constructivist section)
The summarizing observation about Piaget’s work from above could be interpreted to indicate that a collection of information, including such abstractions as algorithms, in the assimilation stage must precede the cognitive synthesis of a concept in the accommodation stage.

Though a combination of concrete/conceptual and abstract instruction is most likely to be the best combination for learning, there is the general inference amongst constructivists that conceptual learning is better than abstract learning given the choice of one or the other. This inference is deduced from the constructivist opinion that is woven into such curriculums as Connected Math, that algorithms, an abstract instructional presentation, are not important and hindrance or obstacle to learning. The same paper from above (Anderson, Reder, &Simon, 2000), though acknowledging the usefulness of conceptual as well as abstract instruction though nonetheless states the following on this topic:

Abstract instruction can be quite effective. In unpublished research, Singley found that abstract instruction leads to successful transfer while concrete instruction can lead to failure of transfer. He taught subjects to solve algebra word problems involving mixtures. Some subjects were trained with pictures of the mixtures while other subjects were trained with abstract tabular representations that highlighted the underlying mathematical relationships. It was the abstract training group that was able to transfer better to other kinds of problems that involved analogous mathematical relationships. Perhaps the most striking demonstration of the benefit of abstract instruction comes from Biederman and Shiffrar (1987). They looked at the very difficult task of sexing day-old chicks--something that people spend years learning in an apprentice-like role. They found that 20 minutes of abstract instruction brought novices up to the levels of experts who had years of practice.[(Biederman & Shiffrar, 1987)]

The concern is that computational skills are pushed aside in favor of conceptual learning in reformed math programs such as Connected Math and this lack of computational skills will be an impediment to the students, who have come through these reform programs, if they try to enter the professions of math, science, and engineering. In his article ‘Divided on Connected Math’ (Sesenbrenner, 2004) author Lee Sensenbrenner reports the following quotes from UW-Madison mathematician Melania Alvarez and University of Wisconsin-Madison math and computer science Professor Jin-Yi Cai:

Both Alvarez and Cai say the essay writing sometimes required by Connected Math muddies what math instruction should be about. 

"It's not really a bad thing to learn some language," Cai said, "but there's a language arts class." 

"The program does not provide a solid foundation, a basic sound springboard from which to do all these other desirable things," he added. 

Alvarez concurs: "This is not the math that is going to allow kids to be men and women of science." 

Many upper level mathematicians agree, including Richard Askey of UW-Madison. He points out that until recently, Connected Math did not teach division by fractions, and still does not include any lessons on dividing by decimals. 

"The idea that computational skills are solid and all we need to work on are concepts is wrong. We need to work on concepts and skills," Askey said. Connected Math never exploded onto headlines in Madison as it did when it was introduced in places such as the suburbs surrounding Washington, D.C. 

There is other support for the position that diametrically opposes the constructivist view that learning by discovery is better than by instruction. In their paper on the effects of direct instruction and discovery learning (Klahr & Nigam, 2004), Klahr and Nigam early on in their paper introduce some material that questions the constuctivist view with the following:

There are pragmatic, empirical, and theoretical grounds for questioning this position. Pragmatically, it is clear that most of what students (and teachers and scientists) know about science was taught to them, rather than discovered by them. Empirical challenges come from studies demonstrating that teacher-centered methods using direct instruction are highly effective (cf. Brophy & Good, 1986; Rosenshine & Stevens, 1986), particularly for teaching multistep procedures that students are unlikely to discover on their own, such as those involved in geometry, algebra, and computer programming (Anderson, Corbett, Koedinger, & Pelletier, 1995; Klahr & Carver, 1988). Finally, most developmental and cognitive theories predict that many of the phenomena associated with discovery learning would make it a relatively ineffective instructional method (Mayer, 2004). For example, children in discovery situations are more likely than those receiving direct instruction to encounter inconsistent or misleading feedback, to make encoding errors and causal misattributions, and to experience inadequate practice and elaboration. These impediments to learning may overwhelm benefits commonly attributed to discovery learning – such as "ownership" and "authenticity." (p.661, para.2) 
 
If discovery learning is questionable, and in some circumstances inferior to direct instruction then algorithm learning, such as long division, which is part of a direct instructional method but not part of the discovery model, needs to play an important part in a math curriculum. The following excerpt reinforces this position. In a panel format, ‘Question and Answer’ session at the 2002 meeting of the annual conference of the Association of Independent Maryland Schools (Wilson, 2002) which contained an audience of a 130 private math teachers, Stephen Wilson, a professor in the Department of Mathematics at John Hopkins University, was asked the following question “Many schools report conflict in the transitions between divisions over computational skills?  To what extent is the mastery of computational skills, specifically the traditional algorithms, critical to future success in mathematics?” Professor Wilson gave the following response:

The traditional algorithms are the only collection of serious mathematical theorems which can be taught to lower school students.  These theorems solve the age old problem of how to do basic computations without having to use different strategies for different numbers.  If taught with enthusiasm and admiration, a student should find them exciting and appreciate the awesome power they give.
I have already stressed the necessity for proficiency with basic calculations.  This can be achieved with any reasonable algorithm, so why insist on the traditional

algorithm?  My interest in K-12 education has made me pay much more attention to my college teaching and I find that I am constantly using the traditional long division algorithm to solve problems for my students from freshmen

calculus to senior math major courses.
It is true I am using the long division algorithm not usually with numbers but with polynomials or even in more abstract settings.  The traditional long division algorithm easily generalizes to many different situations. If a student doesn't use the traditional algorithm then I can't talk to them and they can't talk to their peers.

If you don't teach them the traditional algorithms, then when they get to college they will be isolated from the human interaction which is so very important to learning.

Similar comments regarding the traditional algorithm of long division may be found amongst critics of reformist math. Even more pointed is the view shared by reformist opponents is that career choices become more limited when traditional computation, drilling, and algorithm learning is left behind in the middle school and elementary school years as vocalized by Professor Wilson in the same question and session above, who in response to the panel query (Wilson, 2002): “Some critics have argued that in attempt to engage students the new curricula have sacrificed mathematical rigor.  They feel that the repetition once relied upon to internalize procedures is being ignored in the interest of conceptual development.  Comment on the relative merits of traditional instruction, constructivism, and any other approaches to teaching mathematics.”, answered as follows:

I am in no position to tell you how you should teach. If I have anything to offer on this panel it is to let you know what a prepared college bound student is and also to let you know what happens to unprepared college students. Unprepared college students don't go on to careers in medicine, they don't go to business school, they don't study science or engineering or computers.  They have to do something else.  They don't have a choice.  They are not prepared.

All of us who worry about what to teach and how to teach it are caught on a bit of a treadmill.  I have to produce students with certain skills and knowledge.  In order to do that I have to get students with certain skills and knowledge.  All of us are in this same situation. The curriculum is built, to a large extent, from the top down.  To be honest, I don't know where it starts up there, I just know my little part on the treadmill.

Do whatever works for you and your students.  Just don't try to redefine mathematics and teach skills and knowledge to a student which will not allow the student to succeed at the next level. (Wilson, 2002)
Among the sources collaborating Professor Wilson point of view is the following from Tom Loveless of the Brooking Institution (Loveless, n.d., Trends in Math Achievement) who reinforces the importance of the basic skills of computation that typically are lacking in reformist math with the following three points.

1. Basic skills serve equity. As shown in Table 3, the lack of progress in computation skills has disproportionately affected African-American students. The black-white achievement gap expanded in every computation skill area in the 1990s. This is typical of what happens when basic skills are shortchanged. The students who pay the biggest price are those with the least to lose, those for whom the educational system has never worked very well. When basic skills are not taught, the least privileged in our society—those who cannot afford tutors, fancy computer programs, or academic summer camps—suffer the biggest losses.

2. Basic skills are necessary to advance in math. Insisting that students master computation skills is not to advocate that they stop at the basics. Basic skills are a floor, not a ceiling. Students must learn arithmetic so that they can move on to more demanding mathematics—algebra, geometry, calculus. An emphasis on the basics should never be used as an excuse to straightjacket students or to slow their progress in the math curriculum

3. Basic skills predict adult earnings. In recent years, a growing body of research has documented that the skills and knowledge students learn in school is correlated with success later in life. In their landmark study showing the impact of basic skills on adult earnings, Richard Murnane and Frank Levy conclude, "mastery of skills taught in American schools no later than the eighth grade is an increasingly important determinant of subsequent wages." 

2.5 Problem Solving Ability Learning in Reform Math Versus Traditional
Reformist math programs implement lots of problems that have real-life context. As students explore these real-life problems searching and discovering strategies to solve the problems, they in theory are enhancing their problem solving skills. This constructivist perspective, previously cited within another reference, is directly reproduced here again in the following statement from ‘Beyond Arithmetic’ (Mokros, Russell, & Economopoulos, 1995). 
In the long run, children who develop their own approaches based on mathematical reasoning, rather than relying on memorized procedures, are better, more flexible mathematicians.  Children who do not generate their own ways of solving problems are left with a shallow collection of rules and definitions, rather than with real mathematical understanding. (p.13) 
Further reinforcement of this perspective is again found in ‘Beyond Arithmetic’ which cites the finding of Constance Kamii (Kamii, Lewis, & Livingston, 1993) in the following summarization. “Constance Kamii found that children who developed their own strategies for solving computational problems performed substantially better than children who memorized the recipe or algorithm for doing these problems” (Mokros, Russel, and Economopoulos, 1995, p.13).
In regards to the purported strength of reformist math helping students become better problem solvers, the critics of reformist math debate this strength as can be seen in the following rebuttal by James Milgram, associated with the Department of Mathematics at Standford University,  to the proponents argument regarding these new Math curriculums teaching kids to be problem solvers (Milgram, n.d., Some Comments on MathLand, and the Japanese Mathematics Program):

The third argument used is that programs of the MathLand, CMP type teach children to be "problem solvers" and make mathematics relevant.
While an attempt is made to introduce mathematical reasoning as part of the curriculum, it fails badly in programs like MathLand and Connected Mathematics. The main reason for this is that the authors really do not understand the process themselves. 
The ideas about problem solving that were used in developing these programs rest primarily on a serious misunderstanding of the work on mathematical problem solving by the mathematician, G. Polya. Polya was at Stanford during the 1960's when mathematics educators were starting to quote his work and use it to shape their attempts to introduce mathematical reasoning as a component of the K - 12 mathematics curriculum. He repeatedly tried to get them to stop, explaining that his work had been done with juniors and seniors at Stanford majoring in mathematics, and was not appropriate for use until students had a deep grounding in the subject. 
Interestingly, the author and creator of the Japanese mathematics curriculum - the great mathematician Kunihiko Kodiara - was also at Stanford during the 1960's. Problem solving is very strongly a part of the Japanese text books, but it is introduced in a very measured and controlled way. The Japanese method is completely at variance with the process used in programs of the MathLand, Connected Mathematics type, where the underlying assumption is that students will learn everything they need to know by working in groups and devising their own solutions to partially posed problems.
So there is debate that open student exploration and discovery in lieu of computational basics is the right environment to foster problem solving skill acquisition and in particular whether the model of the mathematical reasoning component for grades K – 12 in reformist math is based on the work Polya at Stanford that intended for college level juniors and seniors. In this area there seems to be at least the possibility that some of the reformist math implementation for enhancing problem solving skills may not be appropriate for the younger student age group for which it is targeted.
2.6 Spiraling in the Math Curriculum – Advantages and Drawbacks

Another major tenet in a constructivist mathematics curriculum is the concept of ‘spiraling’. In constructivist math, spiraling refers to the idea of revisiting a concept some number of times over some period of time. It is based on research in the area of spaced learning, where it was found that learning is enhanced through stronger memory retention if learning something is spaced out over time. In a short declarative paper, located on a web site for the constructivist math curriculum called “Everyday Math”, entitled “Distributed Practice: The Research Base”the paper (Distributed practice: The research base, 2003), cites the following support for spiraling.

The spacing effect is an extremely robust and powerful phenomenon,

and it has been repeatedly shown with many kinds of material. Spacing

effects have been demonstrated in free recall, in cued recall of paired

associations, in the recall of sentences, and in the recall of text

material. It is important to note that these spacing results do generalize

to textbook materials, meaning that subjects such as science can be

manipulated by spacing effects. Also the effect of spaced study can be

very long-lasting. (Caple, 1996, p. 22)
The same declarative paper also cites the following research in support of the use of spiraling: “Long-term retention is best served if assignments on a particular skill are spread out in time rather than concentrated within a short interval.” (Suydam, 1985). The Everyday Math paper goes on to essentially note that spiraling reduces learner stress by reducing pressure and anxiety to understand something the first time around. The learner with the proper amount of cues and reminders will begin to assimilate the concept, while having acquired to some degree what is needed the first time the new material is presented. The learner will then be in a more relaxed frame of mind to gain a greater grasp of the concept the next time it comes around.

There is some criticism of spiraling. The traditionalist math camp would point to the lack of mastery of topic before another is introduced leaving the learner in a fragmented state of understanding and perhaps causing frustration in the learner. Some criticism also comes into play if spiraling is not implemented correctly. A point of criticism may be that topics are not be given enough exposure before proceeding to the next topic. This is sometimes referred to as ‘rapid spiraling’. Another possibility of criticism is that there may be too long of time lag between the first presentation of a topic and a subsequent revisitation, or spiraling into, of a topic so that the learner instead of building momentum towards greater understanding basically forgets what was previously learned. These points of criticism are fairly well pulled together and summed up in an article which critiques the teaching of fractions in the constructivist math curriculum called ‘Everyday Math’. The article is entitled ‘Fractions and Everday Mathematics’ by J. Jay Slosky who has taught middle school and high school, and who has some favorable things to say about Everyday Mathematics and its authors, but shares some concerns about it’s spiraling nature in the following statements (Slosky, n.d., Fractions and Everyday Mathematics).

I am familiar with a spiraling curriculum, having taught College Preparatory 
Mathematics (Algebra I) in middle school for three years. I agree with the authors 

that students need multiple exposures to a concept before they can fully master it. My concern is the spiral that occurs in Everyday Mathematics is too large. The spiraling that occurred in College Preparatory Mathematics took place within one school year. Students could recall there past learning experience and were able to then expand upon it (Salee et al., College Preparatory Mathematics). There is too much time between when a topic is introduced to when it is revisited again in Everyday Mathematics. In order to build on a student’s previous knowledge base, the student must be able to remember what was presented earlier. For example, they are first introduced to adding fractions in Unit 7 of Fourth Grade Everyday Mathematics, but do not revisit this concept until Unit 5 of Fifth Grade Everyday Mathematics. That is almost one full calendar year, or one tenth of their entire life. What ever they may have grasped on the concept has surely been forgotten. The discussions in this seminar with teachers using the curriculum back this up. Some teachers in our seminar stated that the curriculum jumps from topic to topic so quickly that their students end up being confused. (para. 19)
So there is research that supports the use of spiraling in learning, but it can be implemented incorrectly such as in ‘rapid spiraling’ or when there is too large of time gap into which a topic is ‘spiraled’ again. In a traditional math curriculum, mastery is sought on the first time around and it would be suggested that this would make the learner less frustrated as the learner doesn’t go on to accumulate a set of topics that aren’t completely understood. This would be at odds with the constructivist viewpoint which would point to the research of the value of ‘spaced learning’ and the notion that the learner avoids math anxiety by not being rushed and stressed into picking up a topic the first time around. 

Perhaps an approach given the research above would be to insure that a topic is spiraled into again in the same academic year to complete the deep understanding of the topic. In subsequent year(s), the topic could be revisited procedurally to refresh and retain the deep understanding.
2.7 Opposition to CMP and Introduction to Possible CMP Deficiencies


In an examination of CMP and whether or not it should be adopted by school district, the knowledge of other school districts that have gone through this same process should be tapped. Those that would be uncomfortable, even strongly opinionated against CMP’s adoption do not stand alone.


A significant number of school districts have rejected the Connected Math Program. The state of California, has rejected the Connected Math program outright. California’s rejection of Connected Math is very worthy case to take into consideration because of its reputation for high standards. California’s educational state standards has evolved to what would be considered exemplary, perhaps the highest in the nation. It’s mathematical standards were rated by the Thomas B. Fordham Foundation to be an ‘A’ in 1998 (Raimi & Braden, 1998) and an ‘A’ again in 2000 (Braden et al., 2000) and which are considered to be on par with other leading countries (of which the U.S as whole is not) such as Japan.

In an examination of math curriculum to adopt, or not, Connected Math was dropped in California. In the California 1997 Follow-up Adoption for Mathematics instructional resources (1997 Follow-up Adoption, 1997) by the Curriculum Frameworks and Instructional Resources Division of the California Department of Education, the Dale Seymour Connected Mathematics program for Grades 6 -7 was not adopted after having been submitted for consideration. Though there was positive analysis, the report stated “The State Board of Education did not adopted this program because, in the State Board's judgment, based on the totality of the information received, the program did not comply with all of the criteria for adoption specified in Education Code section 60200. Along with other considerations, the State Board was advised that the program contained factual errors.”

Other school districts in other states have also rejected reformist math programs due to parental pressure. In March of 2000 it was reported in the Education Reporter (Parents win math war, Maryland district loses grant money to controversial programs, 2000) that Montgomery County, Maryland was dropping the programs even at losing a 6 million dollar grant by doing so because of mostly parent and some educator opposition. Also the same article recapped an earlier story of parents in Plano Texas bringing about a law suit against their school district over the implementation of Connected Math on the grounds of “failing to provide their children with basic instruction.” 


There has been a ground swell of anti-CMP sentiment from parents in various school districts throughout the country. For example the following is a detailed observation from an Okemos,Michigan 8th grade parent who says (Okemos 8th grade parent, n.d.):
“As an example of a poorly taught subject, I would cite the "Looking for Pythagoras" book.  I was extremely frustrated throughout the entire 4 week + ordeal of "discovering" the Pythagorean Theorem.  An inordinate amount of time was spent "counting" blocks on dot paper with the goal of measuring areas.  Eventually, the student used squares and rectangles to calculate the area of triangles and other odd shapes by halving the area (these areas found by adding blocks) of squares and rectangles.  They ultimately get beyond the dot paper and are able to calculate areas of rectangles using the "length times width" rule (the traditional approach).  The next big coup is discovering that the length of the side of a square is the square root of its area.  It became clear at this point that square roots should have been discussed at length but they were beyond the scope of the text.  The square root concept, or shall I say the lack of, caused my child a lot of confusion.  I suppose that after all, who needs to know the "nitty gritty" details of square roots when a calculator is readily available?  It seemed to me that the children would have benefited greatly if they had been taught specifically about square roots and perfect squares, asked to memorize the squares of numbers up to at least 20.  This should have been followed with some time spent breaking up the sum of perfect squares prior to learning the Pythagorean Theorem.”

From parents observations to knowledgeable mathematicians there has been controversy regarding Connected Math’s suitability as a curriculum. Consider the following from again the “An Evaluation of CMP” by James Milgram, at one time a Michigan State University Math Professor, research mathematician, and teacher of math courses in education who writes (Milgram, n.d., An evaluation of CMP, Overall conclusions section), “Overall, the program seems to be very incomplete, and I would judge that it is aimed at underachieving students rather than normal or higher achieving students. In itself this is not a problem unless, as is the case, the program is advertised as being designed for all students. In fact, as indicated, there is no reputable research at all which supports this.” Milgram’s evaluation contains an in-depth analysis of the weaknesses of CMP of which the preceding pieces from that evaluation are but only of a few.

Perhaps one of the most notable and publicized opposition to reformist math, such as Connected Math, which really kicked off the U.S. ‘Math Wars’ came from U.S. scientists and mathematicians in an open letter to the Secretary of Education. The following statements from that landmark letter (Klein, Askey, Milgram, Wu, Scharlemann, Tsang, n.d.) points to a lack of mathematically trained personnel that rated Connected Math as exemplary:

“The Expert Panel that made the final decisions did not include active research mathematicians. Expert Panel members originally included former NSF Assistant Director, Luther Williams, and former President of the National Council of Teachers of Mathematics, Jack Price” (Klein, Askey, Milgram, Wu, Scharlemann, Tsang, n.d.).
And in regards to a downgrading of the importance of algorithms the same open letter stated (Klein et al., n.d.):

“It is not likely that the mainstream views of practicing mathematicians and scientists were shared by those who designed the criteria for selection of "exemplary" and "promising" mathematics curricula. For example, the strong views about arithmetic algorithms expressed by one of the Expert Panel members, Steven Leinwand, are not widely held within the mathematics and scientific communities.”

As noted in the open letter, Steven Leinwand previously held a view against computational algorithm learning and this anti-algorithm view is present in reformist math. Leinwand writes (Leinwand, 1994), “Its time to recognize that, for many students, real mathematical power, on the one hand, and facility with multidigit, pencil-and-paper computational algorithms, on the other, are mutually exclusive. In fact, it’s time to acknowledge that continuing to teach these skills to our students is not only unnecessary, but counterproductive and downright dangerous.”
Leindwand’s view was not held by a society of leading mathematicians, so the exemplary status given to CMP from expert panel members, of which Leinwand was originally one, is questionable. Leading mathematicians actually held a contrary view. The open letter from leading U.S. scientists (Klein et al., n.d.) quotes from the American Mathematical Society report in the ‘Notices of the American Mathematical Society’ of the February 1998 issue (as cited in Klein et al., n.d.):

"We would like to emphasize that the standard algorithms of arithmetic are more than just 'ways to get the answer' -- that is, they have theoretical as well as practical significance. For one thing, all the algorithms of arithmetic are preparatory for algebra, since there are (again, not by accident, but by virtue of the construction of the decimal system) strong analogies between arithmetic of ordinary numbers and arithmetic of polynomials." [(American Mathematical Society, 1998, p.275)]

From this it could be deduced that Connected Math’s association with an anti-algorithm premise that is not shared by a society of mathematicians would appear to cast a serious shadow over its exemplary status and as well as pointing to a deficiency.

The open letter points out a couple specific deficiencies in Connected Math from colleagues when it states (Klein et al., n.d.): “Richard Askey, John Bascom Professor of Mathematics at the University of Wisconsin at Madison and a member of the National Academy of Sciences, pointed out in his paper [(as cited in Klein et al., n. d.)], "Good Intentions are not Enough" that the grade 6-8 mathematics curriculum Connected Mathematics Program entirely omits the important topic of division of fractions. Professor Askey's paper [(Askey, n.d., Good intentions are not enough)] was presented at the "Conference on Curriculum Wars: Alternative Approaches to Reading and Mathematics" held at Harvard University October 21 and 22, 1999. His paper also identifies other serious mathematical deficiencies of CMP.”
2.8 Opponent Reviews of CMP and Elaboration of  CMP Specific Deficiencies

In his article, “Reviews of Math Texts Parallel Pedagogy Rifts”, David Hoff states that “AAAS (Advancement of Science – a professional group that endorses model national innovations in math instruction) gave Connected Mathematics, a Dale Seymour Publications (sic) text written with the support of the National Science Foundation, it highest grade. Yet Mathematically Correct, a parent group opposed to the model national innovations, called the book “impossible to recommend”. “It has all the trappings of an exploratory math program and very little content,” said Paul L. Clopton, a co-founder of the San Diego-based group, Mathematically Correct” (Hoff, 1999, p.3).


In an article entitled ‘Math method not working for some’ by Amit Sharma, Sharma quotes the following teachers experience (Sharma, 1998):

"The problem with CPM is that students are constantly in groups," said Gemma Nohilly, math department chairwoman at Rancho Verde High School in Moreno Valley. "There is not enough built-in time for lecturing, and in an effort not to kill students with drill, they have not given them enough practice." 


Some of the weaknesses of the seventh grade CMP text series is brought into focus from the Mathematically Correct groups review of the text (Lappan, Fey, Fitzgerald, Friel and Phillips, n.d.) which renders the following few excerpted opinions on the key math topics for the seventh grade text series which consists of a series of eight booklets:
1. Variables and patterns, 2. Stretching and shrinking, 3. Comparing and scaling, 4. Accentuate the negative, 5. Moving straight ahead, 6. Filling and wrapping, and 7. What do you expect?, 8. Data around us (Lappan, Fey, Fitzerald, Friel, & Philips, n.d.):
Properties, Order of Operations [1.0] - If this topic is covered, it is extremely difficult to find. In any case, the coverage is insufficient.
Exponents, squares, roots [1.0] - This topic is very weak. Positive integers are raised to whole number powers only in the context of prime factorization. The small coverage of scientific notation includes only positive integer exponents and heavily emphasizes the use of calculators. All other topics are completely absent.
Percents [1.2] - There is no evidence of development of this topic in this book. At the start of book 3 "percent" is described as one of the "terms developed in previous units." Perhaps so, but if so, the level of development was low. There is certainly no teaching of percent. Some percent problems are intermixed with ratio problems in the various exercises, but there is no instruction on interconverting fractions, decimals and percents. There are almost no word problems on discount, markups, commissions, increase or decrease. Some "scale factors" for similarity are expressed as percents.

Shapes, Objects, Angles, Similarity, Congruence [2.5] - Formulas and derivations, or even "discoveries" of area of two dimensional figures are not given. They may be assumed to have been mastered at an earlier year. Surface area and volume are "discovered" in a long series of construction projects, many of which look doomed to failure. At the end of this formulas that have been discovered are not explicitly stated in the text. The teacher's manual suggests that the appropriate formulae will "come out" in discussion. If the student discovered the wrong formula, or forgot to write it down, good luck, since there is no way to look back and remember a formula. The exercises on finding volumes of irregular objects using displacement are interesting extensions. On the other hand, much of the teaching is absurd and again abjures analysis for experiment. For example, students spend who-knows-how-much-time filling cylinders and cones with beans to discover, approximately, the relationship between the volume of cylinders and the volume of cones. This is a waste of time and inaccurate. Unfortunately, this could describe many of the activities in this book.


In an overview of conclusions on CMP James Milgram presents these conclusions on CMP (Milgram, n.d., An evaluation of CMP):

The philosophy used throughout the program is that the students should entirely construct their own knowledge and that calculators are to always be available for calculation. This means that
· standard algorithms are never introduced, not even for adding, subtracting, multiplying and dividing fractions
· precise definitions are never given
· repetitive practice for developing skills, such as basic manipulative skills is never given. Consequently, in the seventh and eighth grade booklets on algebra, there is no development of the standard skills needed to solve linear equations, no practice with simplifying polynomials or quotients of polynomials, no discussion of things as basic as the standard exponent rules
· throughout the booklets, topics are introduced, usually in a single problem and almost always indirectly -- topics which, in traditional texts are basic and will have an entire chapter devoted to them -- and then are dropped, never to be mentioned again. (Examples will be given throughout the detailed analysis which follows.)
· in the booklets on probability and data analysis a huge amount of time is spent learning rather esoteric methods for representing data, such as stem and leaf plots, and very little attention is paid to topics like the use and misuse of statistics. Statistics, in and of itself, is not that important in terms of mathematical development. The main reason it is in the curriculum is to provide students with the means to understand common uses of statistics and to be able to understand when statistical arguments are being used correctly.
Though CMP texts as been revised over the years there still appears to be a need for supplemental skill drilling on selected topics such as is brought to light in the following statement by Sensenbrenner (Sensenbrenner, 2004):

Many upper level mathematicians agree, including Richard Askey of UW-Madison. He points out that until recently, Connected Math did not teach division by fractions, and still does not include any lessons on dividing by decimals. 

[(As cited in Sensenbrenner, 2004)] "The idea that computational skills are solid and all we need to work on are concepts is wrong. We need to work on concepts and skills," Askey said.
From the web site of Betsy Tsang, a well educated scientist at Michigan State University, there is the following page of information on CMP’s coverage for Algebra 1 (Tsang, n.d):

From "Getting to know CMP" -- An Introduction to the Connected Mathematics Project 

What the Traditional Curricula (Algebra 1) Include that CMP Does Not 
-- Emphasis on manipulating symbolic expressions, such as multiplying and factoring polynomials. 
-- Operations on algebraic fractions 
-- Formal solutions of linear systems in 2 or more variables. 
-- Formal study of direct and inverse variation. 
-- Radicals and simplifications of radicals. 
-- Operations on polynomials other than linear polynomials 
-- Completion of the square and the quadratic formula 

What CMP Curriculum Includes that the Traditional Curricula Do Not 
-- Emphasis on variables and the representations of the relation between variables in words, numeric tables, graphs and symbolic statements. 
-- Focus, on the rate of change between two variables, not only linear. 
-- Development of functional point of view and applications. 
-- Emphasis on modeling 
-- Earlier introduction of exponential growth and decay 
-- Development of alternative strategies for answering questions about algebraic expressions and equations, e.g., tables and graphing calculators 

 
In the first edition of Connected Math’s ‘Bits and Pieces II’ there may be found a lacking in fractional operations as noted by Wayne Bishop PhD of the Mathematics Department of the University of California, LA who in reference to ‘Bits and Pieces II’ writes (Bishop, n.d., Email Re: A fraction in time):

The only way that the content of Bits and Pieces II could be covered in two weeks would be to leave it on the shelf entirely and use supplemental material.  Or perhaps, because you have a program consistent with Andover's reputation, the schools can consider "Bits and Pieces II" as it is described in your article, "a review section on fractions and decimals."  For prestigious districts such as Andover, it may be, but the fact is that this booklet does not present this material as "a review"; it is intended as the first introduction to these crucial concepts and it is "reform" pedagogy gone wild.  I encourage you to look up its development of multiplication of ordinary fractions, Page 59, at least in the first edition:

"Work with your group to develop at least one algorithm for multiplications of fractions ...", and then the students in "your group" test their algorithms on (count 'em!) six examples of multiplication of fractions including mixed numbers with no answers given to confirm if "your algorithm" is even valid!  Except for a couple (a few?) items of practice later on, that's it.  Not just for the course, for the entire grades 6-8 curriculum. 


How do they handle division of ordinary fractions with its age-old (and fully tongue-in-cheek!) apology to Tennyson's Charge of the Light Brigade: "Ours is not to question why; just invert and multiply"?  Since "your group" cannot, on average, invent an appropriate algorithm at the sophistication of a normal 6th grade classroom, it is left out.  Not just left out of "Bits and Pieces II", where it would be appropriate to develop the concept, mind you.  No..., left out of the entire 6th-8th curriculum.  An honest following of the first edition (that I reviewed and helped reject for use in California schools in 1999) would have students in algebra being expected to perform the arithmetic of rational algebraic functions who have never seen days, much less a recurring theme over years, of the same ideas in confirmable, numeric settings.

In a report that compared different math programs, CMP received high marks but the following indicates some deficiencies that come from this report (The Department of Applied Mathematics, University of Washington., 2000, p.10):

Turning to the mathematical content of CMP we find that most of the concepts presented in the number strand are a review for students that have gone through, for example, the Everyday Mathematics curriculum for grades K-6. The number strand is arguably the most basic and fundamental mathematics strand and much of the presentation in CMP is below the level articulated in the 2000 NCTM number standard for grades 6-8. Specifically, we find that CMP students are not expected to compute fluently, flexibly, and efficiently with fractions, decimals, and percents as late as 8th grade. Standard algorithms for computations with fractions (e.g. a/b X b/c = a/c, a/b / a/c = c/b) are often not used. We understand that the developers of CMP are aware of the absence of material on division of fractions and probably will correct this in the next edition. Conversion of fractions to decimals is discussed only in simple cases such as for fractions with denominators of ten, and CMP lacks a discussion of repeated decimals. A discussion of long division is also missing. Such a discussion could make the conversion of fractions like 1/7 to decimal form a simple procedure and would tie in with a discussion of rational numbers and repeated decimals. Long division is also a basis for the division of  algebraic polynomials that students will see in high school. Multiplication of fractions is discussed in 7th grade but mostly in simple cases. This is an area where multiplication algorithms could be exploited to solidify the concept of place value.

And from the same reference in concluding the section on CMP with overall positive remarks there is again a deficiency reference to computational skills in the following statements from the evaluators (The Department of Applied Mathematics, University of Washington., 2000, p.11, para.3):

“While we understand that CMP seems to be motivated by the criticism that traditional curricula produce students that can compute but lack conceptual understanding, there is a danger here of producing students with conceptual understanding but limited computational skills. CMP admits that “because the curriculum does not emphasize arithmetic computations done by hand, some CMP students may not do as well on parts of standardized tests assessing computational skills as students in classes that spend most of their time on practicing such skills.” This statement implies we have still not achieved a balance between teaching fundamental ideas and computational methods.
And another note of CMP deficiency amongst otherwise positive ratings may be found in the concluding comparisons for the Number Standard Summary on page 19 of this report (The Department of Applied Mathematics, University of Washington., 2000, p.19, CMP: section):
The scores in Table 1. show that the curriculum fully meets ten of the standards, adequately meets one of them, and does not adequately meet three of them. The lower scores were given because the curriculum does not enable students to adequately work fluently with fractions, decimals, percents, and integers at the mathematical level expected for grades 6-8. Furthermore, the curriculum does not address the associative law. The evidence points to several other issues worth mentioning that the scoring did not reflect. – Negative numbers are not studied until the 7th grade.
2.9 Literature Review Conclusion

CMP and other constructivist math programs arose out of real need to correct the degradation that had firmly taken a foothold in the math education of U.S. students in the 1980’s. There are positives with constructivist math programs, such as CMP, that cannot and should not be ignored. But in the rush to correct the failing math education, the strong points of direct instruction were to easily thrown to the side. The literature review would suggest that there are steps in the math learning process that can be strongly supported via tenets contained in constructivist math, but the literature would also suggest that it is lacking in a key area. The key area is a lack of strong support of the abstraction step of the learning process via algorithms and procedure rehearsal. This is an area that can have long term implications in a student’s math education, timely test taking ability, and even career choices.
In conclusion, parent observation, math and scientific community analysis, as well as a formal comparison study of different math curriculum suggests that in spite of the positives of the Connected Math program there is a deficiency in computational skill development, algorithm knowledge learning, and fractional operations. 
The body of this ILP will address this and other deficiencies with suggested supplemental material and practice for a CMP curriculum unit or units. 

3 Methodology 
3.1 Overview of Guide being created

The guide document to follow discusses conclusions about the deficiencies and premises upon which the reformist math curriculum, CMP, is based. It contains a chart of CMP deficiencies. It contains counterpoints to accepted/popular paradigms associated with CMP and tabulates it. It contains bullet points for parents and educators to consider. It contains some supplementary material/drills for selected grades and units of study. It shows the possibly limiting career choices due to the effects of CMP.
3.2 Rationale For Creating This Guide

Parents and Educators need to be informed on the pro and cons of CMP. Parents in particular need to be educated in the characteristics of reformist math curriculums such as CMP so that they can make informed choices. Parents need to be given information to help them understand what is being taught to their children so that they make an intelligent decision whether or not a math program such as CMP is appropriate for their child.
3.3 Goals This Guide Seeks to Achieve

It is hoped that in addition to creating supplemental information about CMP that some of the fear and/or anxiety about what is being taught to their children can be alleviated in the parents. It also hoped that educators will through this guide receive information that will round out and balance off the more optimistic information that accompanies a reformist math program such as CMP. It is hoped that this guide will fill in some of the gaps about CMP that everyday Math teachers may not have the time to research out for themselves and provide information to such teachers to augment the perceived deficiencies of the CMP.
3.4 Target Audience For This Guide

The target Audience for this guide are parents and educators.
3.5 Chapter Descriptions
Chapter 4 – Analysis of the CMP Deficiency Premise
Description: This chapter starts with an overview of the arguments supporting the premise that CMP is deficient. This is followed by examination of a few major frameworks of math learning, which leads to presentation of specific CMP deficiencies. Pointers to supplementation that can be used to fill in the deficiencies is provided.

Resources: The resources drawn from for this chapter are from the references used in the associated ‘Literature Review’ of this project. Most or all of the major references are:
(Leinwand, 1994), (Klein et al., n.d.), (American Mathematical Society, 1998),  (The Department of Applied Mathematics, University of Washington., 2000, p.10), (The Department of Applied Mathematics, University of Washington., 2000, p.11, para.3), (The Department of Applied Mathematics, University of Washington., 2000, p.19, CMP: section), (Lappan, Fey, Fitzgerald, Friel and Phillips, n.d.), (Mokros, Russel, & Economopoulos, 1995, p. viii), (Mokros, Russel, & Economopoulos, 1995, p.72), ( Anderson, Reder, & Simon, 2000), (Klahr & Nigam, 2004, p.661, para.2), [Class Notes from Course: “Diagnosis and Remediation” , Instructor: M. Sharma, July 2004], (Suydam, 1985), (Slamecka, & Katsaiti, 1987),  (Mokros,Russel, & Economopoulos 

1995, p.13), (Kamii, Lewis, & Livingston, 1993), (Distributed Practice: The Research Base, 2000), (Slosky, n.d., Fractions and Everday Mathematics, para.19), (Piaget, 1973) cited in (Constructing Knowledge In the Classroom, 1994, Building an Understanding of Constructivism section, para. 4), (Milgram, n.d., Some comments on Mathland, Connected Mathematics …);
Rationale: This chapter and its subsections provide the analysis and a categorized break down of CMP’s deficiencies. It provides the substantiation of the evidence of the deficiencies and also provides the basis upon which to be a supplementation program for CMP.

Chapter 5 – CMP Supplementation
Description: This chapter contains the actual supplementation activities and exercises which are tied to the deficiencies called out from the preceding analysis chapter.
Resources: The book “Math On Call” [Reference: Kaplan, A. (2004). Math On Call. Wilmington, MA: Great Source Education Group – a division of Houghton Mifflin Company] was heavily used to provide many of the supplementation examples or templates of the examples provided. Some other resources used to provide supplementation or used for reference information were the Web, the “MCAS Mathematics Coach, Grade 6” [Reference: Kaplan, J. D. (2001). MCAS Mathematics Coach, Grade 6. New York: Educational Design.], the “MCAS Mathematics Coach, Grade 8” [Reference: Lapinski, S. (2001). MCAS Mathematics Coach, Grade 8. New York: Educational Design.], or well known practices in math pedagogy in general.
Rationale: This chapter provides the supplementation exercises that were deemed necessary from the analysis.
Chapter 6 – Answers Parents Should Know and Questions Parents Should Ask
Description: This chapter examines what a parent should know about their child’s math education and contains an outline of questions to ask to ascertain the information they need to know.
Resources: The resources for this chapter were drawn from the information provided by the analysis and supplementation chapters.
Rationale: This chapter is to provide information to parents as well as teachers and administrators that will enable them to formulate questions and obtain the answers that will build their knowledge base. A sufficient knowledge base on the subject will then empower them to make critical decisions regarding the math education of their children.
Chapter: 7 – Alternative CMP Resources
Description: This chapter contains a roadmap of alternative CMP resources. A few of the high impact web sites containing alternative views and information on CMP as well as some texts with which to supplement CMP are given. Also included in this project are a few appendices which are described this chapter. The appendices contain a breadth of new CMP text analysis and in-class observation.
Resources: The resources are the texts and web sites which are provided.
Rationale: This chapter is to provide a short list of high impact, alternative CMP resources that contain discussion of CMP deficiencies and a short list of handy texts with which to supplement CMP deficiencies.
4 Analysis of the CMP Deficiency Premise
4.1 Overview


From the literature review it can be seen that there is a sufficient body of empirical and some research evidence that strongly suggests that the premise and content of CMP is not without reproach, above questioning, or perfectly suitable for a majority students without some form of augmentation. It has been shown that there is countering evidence that exploratory learning found in CMP (and other reformist math programs) is more effective than instructive learning. There is countering body of thought that good conceptual thinking can only come about from a constructivist approach. It has been stated by leading body of scientists and Mathematicians in this country as well as other evaluation sources that CMP (and other earlier grade reformists math programs such as Everyday Math and Investigations) lacks development of computational skill fluency and the learning of algorithms. This also applies to the spiraling nature of math reformist programs such as CMP where material is not expected to be mastered the first time it is presented in a math curriculum.
Implementations of CMP within a school district may not cover all the booklets for a grade level due to time pressures, so even if CMP was complete which it has shown not to be by a sufficient body of evidence, it would seem to be a better choice to at least the cover the algorithms expected at each grade level rather than a few concepts explored deeply and missing coverage of other expected math topics at a grade level. Now it may be that some students are qualitative learners and will not do as well in a pure traditional math curriculum where as quantitative learners would. Still it would seem that even qualitative learners would benefit from supplemental computational skills enhancement as it is needed in many standard testing circumstances.
So the question is who is to be believed? It would seem that in light of the significant amount of information that exposes deficiencies and questions the psychological and philosophical premise of CMP that the risk to math learning should be minimized. The risk should be minimized because in the bigger picture, math skills learned, or not, affect initial success in college and ultimately affect career choices.
4.2 Summary of Countering Arguments to CMP Premises
4.2.1 Introduction


From the literature review it was found that there are a substantial amount of countering arguments for many of the main premises or framework tenets upon which constructivist math curriculums such as CMP were designed and implemented. This section contains a review of these major framework tenets followed by the summarizing Tables 1 & 2 containing the favorable and opposing points of view.

1. Topic: Exploratory Learning
Pro Support: 

Children learn better when they learn on their own via directed guidance. 
Countering Argument: 
Unpublished research shows that in some cases of learning instruction is superior to discovery learning.
2. Topic: Memory Recall
Pro Support:


Children retain concepts better as the concrete experience gained through discovery anchors the concept in the mind.
Countering Argument:


Concepts may need to be rehearsed in various forms as much as 25 times before they are committed to long term memory.
3. Topic: Elimination of Algorithms
Pro Support:


Algorithms shackle students and causes discrimination between those students who have mastery and those who don’t with those who don’t being left by the way side.
Countering Argument:


Algorithms have significant practical and theoretical value. 

4. Topic: Problem Solving Ability
Pro Support:


Problem solving ability is improved via the exploratory nature of the curriculum and interaction with real-world application problem context.
Countering Argument:


Premise may be based on work investigated with college age students that may not be suitable for younger students. Problem solving may not be introduced in a measured and controlled way.

5. Topic: Rapid Spiraling Presentation
Definition: The concept of spiraling is the presentation the same material multiple times over a period of time in different settings or as part of advancing a concept previously presented.
Pro Support:


Rapid spiraling avoids student anxiety as mastering a concept the first time around is de-emphasized.
Countering Argument:


The rapid spiraling of constructivist math is not actually a reinforcement strategy as mastery is not sought first before moving on and therefore it presents numerous opportunities for student failure. Prolonging mastery over a long period of time makes learning and teaching difficult. Concepts and accompanying abstraction will be forgotten unless sufficiently over-taught and revisited. 
Table 1 - Math Learning Premise Summary I
	 View (
------------------
General Math Learning
Premises
     |
	Constructivist Pro Support
	Countering Argument
	Pro Support Reference(s)
	Countering Argument Reference(s)

	Exploratory Math Learning
	Children learn better when they learn, or self-construct knowledge on their own via directed guidance. 
	 Unpublished research shows that in some cases of learning, abstract instruction is superior to discovery learning.


	(Mokros, Russel, & Economopoulos, 1995, p. viii)
(Constructing Knowledge In the Classroom, 1994, Building an Understanding of Constructivism section, para. 4)
	( Anderson, Reder, & Simon, 2000)
(Klahr & Nigam, 2004, p.661, para.2)

	Elimination of Algorithms in Math Learning
	Computational Algorithms are unnecessary and shackle students 
	Standard Algorithms have theoretical and practical significance
	(Leinwand, 1994)
	(American Mathematical Society, 1998)

	Memory Recall/Retention
	Children retain concepts better as the concrete experience gained through discovery anchors the concept in the mind. Spaced practice fosters stronger long term memory commitment 
	Concepts may need to be rehearsed in various forms as much as 25 times before they are committed to long term memory.
	(Suydam, 1985)
(Mokros, Russel, & Economopoulos, 1995, p.72)

	Class Notes from Course: “Diagnosis and Remediation” , Instructor: M. Sharma, July 2004;
( Anderson, Reder, & Simon, 2000)
(Slamecka, & Katsaiti, 1987) 



Table 2 – Math Learning Premise Summary II
	 View (
------------------

General Math Learning

Premises

     |
	Constructivist Pro Support
	Countering Argument
	Pro Support Reference(s)
	Countering Argument Reference(s)

	Problem Solving Ability 
	Problem solving ability is improved via the exploratory nature of the curriculum and interaction with real-world application problem context
	Premise may be based on work investigated with college age students that may not be suitable for younger students..
	(Mokros,Russel, & Economopoulos 

1995, p.13)

(Kamii, Lewis, & Livingston, 1993)


	(Milgram, n.d., Some comments on Mathland, Connected Mathematics 

…)

	Rapid

Spiraling Presentation
	Student anxiety is reduced as mastery is not required first time around; Spaced practice has more positive effects than massed practice in a short interval
	Prolonging mastery over a long period of time makes learning and teaching difficult.
	(Distributed Practice: The Research Base, 2000)


	(Slosky, n.d., Fractions and Everday Mathematics, para.19)


4.2.2 Specific CMP deficiencies
4.2.2.1 Introduction


The Literature shows that CMP contains deficiencies. Many of these deficiencies have an effect on a student’s computational fluency. Computational fluency is a necessary demonstration of automatized procedures representing concepts in the abstract. Automization of procedures is a necessary groundwork for higher order concepts that are found at the high school and college level, where in many instances the concepts are learned and taught based on a level of basic abstractness that should have been acquired at lower grade levels. The section contains a synopsis of math topics and CMP’s deficiency which is followed by the summarizing Tables 3 & 4. For each deficiency listed in Tables 3 & 4, there is a corresponding pointer to a supplementation exercise (e.g. SUP.1) which is to be used to remediate the deficiency. The supplementation exercises are in contained in a subsequent chapter.
Topic: Properties
Deficiency: Associative property not demonstrated.

Topic: Order Of Operations
Deficiency: Insufficient, inadequate coverage.
Topic: Exponents
Deficiency: Summarizing rules for adding/subtracting/multiplying/dividing exponents not present or not explicit. Only simple case of positive integers raised to whole numbers is covered.
Topic: Squares & Roots
Deficiency: Roots are missing and the interplay of squares with roots is weak.
Topic: Percents
Deficiency: Not well developed. Lacks instruction on interconversion between factions, percents, and decimals.

Topic: Area and Volume
Deficiency: Formulas for area are not revisited when presenting volume. Formulas for volume are not adequately expressed symbolically and the symbolic representations are insufficiently highlighted and show cased.
Topic: Long Hand Multiplication
Deficiency: In adequate or fully devoid of coverage. See Topic ‘Operations on Algebraic fractions’ for need of coverage.

Topic: Long Hand Division
Deficiency: Not present and not used. Calculators are used instead. But long hand division is needed for algebraic polynomial division so lack of knowledge, use, and practice of this algorithm is a significant lacking. The same holds true for long hand multiplication.
Topic: Operations on Algebraic fractions
Deficiency: Lack of sufficient emphasis of manipulating symbolic expressions via polynomial multiplication and factoring.

Topic: Division by fractions and decimals
Deficiency: In earlier versions of CMP division by fractions was not present, it may still not be present in the correct amount of practice. Division by decimals was not present at the time of one review.

Topic: Multiplication by fractions
Deficiency: Not adequately covered and only covered in a simple case context.

Topic: Rational/Irrational Numbers
Deficiency: This topic is not adequately tied into repeating and non-repeating decimals.
Topic: Addition, Subtraction, Multiplication, and Division of negative numbers and mixed negative and positive numbers.
Deficiency: Lack of Practice or inadequate coverage of sign rules (i.e. a negative number times a negative number equals a positive number, etc.) 
Note: This is a personal opinion based on limited personal observation and may be a weakness in general beyond Connected Mathematics, though Connected Mathematics tends to deemphasize the highlighting of abstract rules. In a personally conducted, brief test case, after having observed some difficulty in this area, a middle school math class (which was probably an eighth grade class, and probably a Connected Mathematics class) was asked what the answer to the following was: “-7 – 7 = ?”. About one third of the students incorrectly answered “zero”. This same kind of misunderstanding was also observed in a small group of eighth grade, Connected Mathematics students whom had previously performed below average on a state wide Massachusetts math test (MCAS) in the sixth grade. It should be noted that it is not known if these students had been in the Connected Mathematics program previous to eighth grade.
Table 3 - Summary of Specific CMP Deficiencies I
	Math Topic
	Deficiency Description
	References
	Supplementation

	Properties
	Associative Law not discussed
	(The Department of Applied Mathematics, University of Washington, 2000, p.19, CMP: section)
	SUP.3: Grades 3-8

	Order Of Operations 
	Insufficient, Inadequate Coverage
	(Lappan, Fey, Fitzerald, Friel, & Philips, n.d.)
	SUP.2: for

Grades 6-8;
Concept should be taught in Grades 3-8

	Percents
	Not well developed. Lacks instruction on interconversion between factions, percents, and decimals. 
	(The Department of Applied Mathematics, University of Washington, 2000, p.10)
	SUP.1: Grades5-7 

	Exponents, Squares, Roots 
	Weak coverage consisting mostly of raising prime numbers to whole numbers in the context of factorization
	(Lappan, Fey, Fitzerald, Friel, & Philips, n.d.) 
	SUP.4: Grades 5-8

	Resulting signs for mixed positive and negative numbers used in binary & unary math operations
	Possible lack of practice or revisitation due to de-emphasis on procedural mastery
	*Personal opinion and limited observation.
	SUP.10: Grades 5-8

	Division by Decimals and Fractions
	Possible lack of practice with division by decimals and fraction. The previous edition of CMP did not contain division by fractions.
	(Milgram, n.d., An evaluation of CMP)
	SUP.5: Grades 5-8


Table 4 - Summary of Specific CMP Deficiencies II

	Math Topic
	Deficiency Description
	References
	Supplementation

	Multiplication by Fractions
	Multiplication of fractions is discussed in 7th grade but mostly in simple cases.
	(The Department of Applied Mathematics, University of Washington, 2000, p.10)
	SUP.6: Grades 5-8

	Long Hand Division
	A discussion of long division is missing. 
	(The Department of Applied Mathematics, University of Washington, 2000, p.10) 
	SUP.7: Grades 5-8
Concept could be taught/revisited Grades 4-8

	Long Hand Multiplication
	At a minimum a lack of practice of this algorithm.


	* Personal opinion and limited observation. Lack of mental math using multiplication tables tied to overuse of calculators in CMP leads to degradation of multiplication skills.
	SUP.8: Grades 5-8
Concept could be taught/revisted Grades 4-8

	Rational/Irrational Numbers
	Lacks bridging a fractional conversion to a repeating decimal with a discussion of rational/irrational numbers
	(The Department of Applied Mathematics, University of Washington, 2000)
	SUP.9: Grades 7-8


5 CMP Supplementation
5.1 Introduction


This section contains the supplementation material to be used to fill in the gaps of math topics and skills which CMP has been reviewed to be deficient. The math topic and associated skill drill(s) is presented along with the grade level at which the topic first appears as a significant skill as well as the range of grades for which it should be revisited. The supplementary material contained in this chapter is referred to by the supplementation columns of Tables 3 & 4 of the previous section.

The supplementation exercises are not intended to be an exhaustive set. They provide a representative sample of exercises for which to provide supplementation to a CMP curriculum. Additional exercises for each topic could be created by thoughtfully changing the numbers for each exercise in order to create more of the same types of exercises which could be used periodically over a school year.


The supplementation exercises, where applicable, attempt to provide a progression. For a particular exercise sequence, a base example may be followed by subsequent more complex permutations. The main idea is to first present some basic simpler, revisitation of a procedure to allow the student to gain some confidence and to gain/recapture a first level of understanding. This then may be followed by increasing exercise difficulty so that subtleties not recognized at first exposure may be reconciled and thereby bring about a deeper understanding.
5.2 Supplementation Exercises

SUP.1 – Interconversion between Percents, Fractions, and Decimals (Grades 5-7)
(Fill in the chart)

	Fraction
	1/10
	
	
	2/5
	
	
	¾
	
	
	1/1

	Decimal
	
	0.25
	
	
	
	0.6
	
	0.8
	
	

	Precent
	
	
	33 1/3%
	
	50%
	
	
	
	90%
	


SUP.2A – Order of Operations (Grade 6-8)
Exponents and their rules should be introduced around 7th grade. With inclusion of exponents, the basic knowledge of arithmetic operations is complete. The mnemonic device for remembering the order of operations is “Please Excuse My Dear Aunt Sally”. This should be memorized. The breakdown of the mnemonic is as follows. Operations should be done in the order of Top to Bottom. Within a row of equal operations, the operations flow from inner most grouping (parenthesis or brackets) extending outward, followed by taking those results and then working from left to right.
P – Parenthesis, or other grouping symbols such as brackets

E – Exponents

M – Multiplication

D – Division

A – Addition

S – Subtraction

Activities:

Memorize “Please Excuse My Dear Aunt Sally”

Do Exercises: 

A.) 16 + 8 
[image: image1.wmf]¸

4 – 3 = ?
B.)  12 – 3 
[image: image2.wmf]*

 2
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+ 6(5 + 9) = ?

C.) 40 – 2(4 – 1)
[image: image4.wmf]2

 = ?

SUP 3.A – Properties (Grades 6 - 8  )
Associative Property of Addition
Definition – Changing the grouping of the numbers added does not change the sum.

Activity:

Demonstrate the Associative Property of Addition by doing the addition shown in two different ways through the use of parenthesis to change the grouping of the numbers.

Example: 6 + 2 + 4 = ?

Answer:

First Way: (6 + 2)  +  4 = ?
                       8      +  4 = 12

Second Way: 6  +  (2  +  4) = ?
                      6  +       6      = 12

Exercise: Show the Associative Property of Addition by adding together 88 + 49 + 21 in two ways by regrouping.
Associative Property of Multiplication
Definition – Changing the grouping of the numbers multiplied does not change the product.

Activity:

Show the Associative Property of Multiplication by multiplying the numbers twice, by changing the grouping using parenthesis.

Example: 6 x 2 x 4 = ?
Answer:

First Grouping: (6 x 2 ) x  4 = ?
12 x  4  = 48

Second Grouping: 6 x (2 x 4) = ?



      6 x      8     = 48

Exercise: 25 x 9 x 4
Commutative Property of Addition
Definition – Changing the order of how numbers are added does not change the sum
Activity:

Demonstrate the Commutative Property of Addition by adding the list of numbers twice 
by changing the order of how the numbers are added each time.
Example: 56, 33, 44

Answer:

A First way: 56 + 33 + 44 = 133


A Second way: 56 + 44 + 33 = 133

Exercise: 33, 45, 67 
SUP 3.A – Properties (Grades 6 - 8  ) continued
Commutative Property of Multiplication
Definition – Changing the order of how numbers are multiplied by each other does not change the product.
Activity:

Demonstrate the Commutative Property of Multiplication by multiplying the list of numbers at least twice by changing the order of how the numbers are multiplied each time. Then select which way would be easier to do by mental math.
Example:  25, 7, 4
Answer:

A First way: 25 x 7  x 4 = ?



         175   x 4 = 700?


A Second way: 25 x 4 x 7 = ?


            100  x 7 = 700

Exercise: 20, 6, 5

Distributive Property of Multiplication
Definition – A sum can be multiplied by multiplying each number (addend) in the sum separately and then adding their products without changing the answer.
Activity:

Demonstrate the Distributive Property of Multiplication by adding first without distributing and then secondly distributing.

Example: 11 x (9 + 1)

Answer:

First way: 11 x (9 + 1) = ?



     11 x     10    =  110


Second way: 11 x (9 + 1) = ?


         11 x 9   +  11 x 1 = 110

Exercise: 5 x (8 + 2)
Identity Elements
Definition – Certain numbers that when combined in any order with other numbers do not change the original numbers. The identity element for addition is 0. The identity element for multiplication is 1.

Activity: Demonstrate the equality for the identity elements of addition and multiplication for any real number.

Example: 5

Answer:

0 + 5 = 5 + 0


1 x 5 = 5 x 1

Exercise: Choose any real number and demonstrate the equality of both identity elements
SUP 3.A – Properties (Grades 6 - 8  ) continued
Inverse Elements
Definition – Numbers that combine with other numbers to produce one of the two identity elements ( 0 or 1). A number that when combined with another number results in zero is called the additive inverse. For example, -8 is the additive inverse of 8. A number that when combined with another number and results in 1 is called the multiplicative inverse (commonly referred to as the reciprocal). For example 1/3 is the reciprocal or multiplicative inverse of 3.
Activity:

Determine the additive and multiplicative inverses of the following list of numbers:

7, 22, 18, 2/3

SUP 4 Exponential Expressions and Roots (Grades 5-8)
What does 5
[image: image5.wmf]4

 represent and to what value is it equal?

What is the exponent or power of the expression 5
[image: image6.wmf]4

?

What is the base of the expression 5
[image: image7.wmf]4

?

How can 8x8x8x8x8 be represented as an exponential expression?

What is -5
[image: image8.wmf]4

 is equal to?  [Hint: Use order of operations rules treating “-“ as a subtraction 




    operation.]
What is (-5)
[image: image9.wmf]4

 equal to?   [Hint: Again apply the rules of order of operations.]
What is the value 3
[image: image10.wmf]0

?
What is the value of 3
[image: image11.wmf]1

-

?

What is the value of 3
[image: image12.wmf]2

-

?

What is the value of 3
[image: image13.wmf]4

-

?

Write 
[image: image14.wmf]2

10

1

 as a base of 10 and a negative exponent.

What does 
[image: image15.wmf]25

 mean and what is the value of this expression?
What is the value of 
[image: image16.wmf]2

5

?

25 is a perfect square, whose square root equals 5,  can you list 3 other perfect squares?

What is the value of 2
[image: image17.wmf]3

?
What is the does 
[image: image18.wmf]3

8

 mean and what is the value of the expression?
Write 
[image: image19.wmf]3

8

 as a base with a fractional exponent.
What is the value of 
[image: image20.wmf]3

3

2

?
SUP 5 – Division by Decimals and Fractions (Grades 5-8)
What is the reciprocal of 
[image: image21.wmf]8

3

, of  5, of  3
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1

,  of  
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2

?

Divide  24 by 0.16
What is 4 
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 ?

What is 
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7
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3 ?
What is 
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 ?

4 
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[image: image32.wmf]¸

 1 
[image: image33.wmf]2

1

 = ?
SUP 6 – Multiplication by Fractions (Grades 5-8)
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 18 = ?
? = 
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What is 
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 of  1
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SUP 7 – Long Hand Division (Grades 5-8)
2
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SUP 8. - Long Hand Multiplication (Grades 5-8)
555
x  7
?

 674

x 24
?

  85

x 3.2 
   ?
   3.7

x 4.5
?

   .048
x .062
     ?
SUP 9 – Real Numbers (Grades 7-8)
Definition Statement: A rational number can be expressed as the ratio of two integers. The conversion of the ratio to decimal results in a decimal that terminates or repeats. An irrational number does not terminate and does not repeat. Any number that is the results of, or comes from, taking the square root of another number and is not a whole number is an irrational number. Whole numbers and Integers are identified as members of the rational number set. Whole numbers consist of the numbers zero and greater and have no fractional or decimal part. Integers have no fractional or decimal part but may be negative as well zero or greater than zero. Whole numbers, integers, rational and irrational numbers all belong to the set of real numbers.
1. Is 3 a real number?
2. Is -4 a whole number?

3. Is -5.2 an integer?

4. What of type of number is 
[image: image48.wmf]4

3

 ?

5. What type of number is .3333…?
6. What type of number is the famous value 
[image: image49.wmf]p

?

7. What type of number is 
[image: image50.wmf]6

4

-

 ?
8. What type of number is 2.1427567894?

9. What type of number is 
[image: image51.wmf]3

1

.

 ?

10. What type of number is 
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?
SUP 9 – Real Numbers continued (Grades 7-8)
11. Label the following real numbers as representing either rational or irrational numbers
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12. If the decimal part of the number 2.34567543… continues on forever but does not repeat what type of number is it?
13. If the decimal part of the number 55.7896… doesn’t repeat until it hits the trillionth’s place but then starts over with the number in the tenth’s place and repeats, is it an irrational number?
SUP.10 – Resulting Signs of Mixed Positive and Negative Number In Math 
Operations (Grades 5-8)
1. -7 – 7 = ?
2.   7 – 7 = ?

3.   23 – 45 = ?
4.   45 – 23 = ?

5.  -1 x -1 x -1 x -1 x -1 = ?

6.  -3 x -3 x -3 x -3 = ?

7.  -6 x 2 x -3  = ?

8.   8 
[image: image60.wmf]¸

-8 = ?
9.   -16 
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 -4 = ?

10.  5 
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-

 = ?
11. 11 + (-12)  x  -2 
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6 – 15 = ?

12. -2
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 = ?

13. (-4)
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= ?

14. (-1)
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= ?

6 Answers Parents Should Know - Questions Parents Should Ask


Parents need to invest some time in understanding the math curriculum being taught to their children. They need to determine if the curriculum is appropriate to their child’s learning personality. Times have changed with the advent of the math constructivist movement and its effect on what and how a child learns. In the 1960’s when the United States was putting a man on the moon math was taught in a traditional way across the land. There was rote memorization and exercise of math procedures and algorithms with perhaps in many instances not much emphasis on understanding conceptual roots, nor real word applications of what was learned. The bad part of all this is that many were turned off by math. The good part is perhaps that a majority of students learned enough basics to advance to an educational level that was appropriate to their ability. Since many curriculums are not the traditional style taught when the parents were kids, the parents can no longer assume that their children will be taught what they were taught. Though this may not necessarily be a bad thing, they need to know what is being taught so that they can make the appropriate assessment as to whether it meets the needs of their child or not.


A parent should ask if the basic arithmetic functions are being taught and regularly exercised. Some of the questions to ask and to assess are:

1. Is long hand division and multiplication taught and practiced?
Discussion: Most parents assume that their child is being taught these basic because they were taught it. A parent should make a decision on whether it is okay to replace this skill with the use of a calculator. The manipulations of polynomials in the later years of math education the skill of long hand division is used and applied. It may a detriment to a student to not possess this skill. Some parents may be unpleasantly surprised that their 7th grader does not have these skills.
2. Is traditional math, or a constructivist math, or some other hybrid being taught?

Discussion: It is important that the parent understand a few of the basic differences between the competing math educational methodologies. It is important parents get an unbiased presentation of the positives and negatives with each curriculum. Often this may impossible to acquire from their child’s own school district which may have invested much in the current curriculum and therefore would have much to lose should the chosen curriculum be put aside. This can influence down through the ranks from school administrators to teachers, where teachers may simply tow the school policy for fear of losing their jobs, raises, or internal advancement if they were to rock the boat. It may be necessary for the parent to seek out another school district where a different curriculum is being used to obtain complete information about other curriculums. A parent must not feel intimidated into not contacting the school district office and getting more information. Typically every school district has a math curriculum lead or director for a group of grades. A parent should attempt to contact such a person and have the curriculum benefits explained to them to their satisfaction. Their child’s future is at stake and no question should be too stupid to ask
3.  Is the math curriculum a spiraling program?

Discussion: Quite a few parents may have been  taught with a ‘practice until you drop’ type of systems when they were young and would perhaps assume that this is still taking place in their child’s school. In a constuctivist curriculum, such as Connected Math, the educational philosophy is not to revisit and refresh topics in their initial context after their initial presentation. As a practical matter, not revisting basics in a tightly overlapping fashion across a couple of grades is probably not going to work for many children. Some school systems that have a constuctivist curriculum may in fact have made some adjustments to avoid this problem by for instance adding in a set of weekly skill drills that are not part of the curriculum. This may be a satisfactory compromise. A parent knowing that routine math skills are not being practiced across grades, may be able to either force a change in the school system, or provide the additional supplementary support themselves if the latter is not possible.
4. Will the parent be able to help their child with their homework if their child needs help?

Discussion: Though this sounds like a “no-brainer” kind of question, occasionally an interesting and unexpected response may be received or the question may be answered without the parent asking in anticipation of problematic parental involvement. At the heart of the matter is the fact that the child may be taught from a constructivist curriculum where as the parent was taught from a traditional program. A teacher may have even been trained to respond to parents on this topic by saying that the parent wouldn’t understand how the math is being taught and that too avoid confusing the child and perhaps even the parent, it would be better if the parent didn’t attempt to help the child with homework. An interested parent should not be side stepped by this approach. The question begs to be asked whether a curriculum that is so different as not to enable a parent to participate in homework help is really teaching the right type of material that will enable their child to succeed. A very basic question is, if something worked for the parent, and the parent has succeeded, is there a decade of research that shows that the curriculum being taught to their child will enable them to succeed as the parent has.
5. As children have different math learning personalities, how does the curriculum being taught address these different student needs?

Discussion: Some student are inherently procedural learners and thrive in that circumstance while others need to have a conceptual framework from which to learn and need to proceed with understanding the big picture first, rather than detailed oriented procedures that have no experiential meaning. Both conceptual and procedural learning are necessary. A curriculum that is not balanced between the both will enable some students flourish while others flounder to their inherent math learning personalities. Some consider that Connected Math without procedural supplementation would not be a balanced curriculum. On one hand poor conceptual understanding that underlies procedural methods may result in quickly forgetting the methods as well as not being able to creatively apply the procedures learned to real life applications. On the other hand conceptual understanding without summarizing procedures that have become second nature through periodic revisitation and practice may cause inefficiency in practically applying that conceptual knowledge. As a practical example, students need math procedures to be ingrained as a second nature in order to complete in a timely fashion entrance exams, SATs, and the like where there is no time recreate the wheel every time.

6. How much and when is the use of calculators permitted?

Discussion: A parent must decide if their child getting a proper development of number sense. Calculators could hurt or assist in that development. On one hand a constant and total use of calculators may work against a child’s development of numbers sense, one skill of which is estimation. Is an answer reasonable or is it just accepted because the calculator displayed it? Another concern of calculator overuse would be the degeneration of multiplication, division, addition, and subtraction skills due to lack of rehearsal of those operations. A parent needs to decide, for instance, if having multiplication tables become second nature to their child is important to their child’s success. Calculators have beneficial uses in solving real life and complex applications that would be totally inefficient of time management to do by ‘pencil and paper’ or by ‘mental math’.
7. What is the evidence that shows the chosen curriculum produces positive, consistent results among students?

Discussion: Here the parent should press for more than school district example, or one years state test scores. Examples of success should be backed by data showing before and after results with each of those categories being backed over a couple of years experience. A new curriculum should show a consistent positive track record that spans at least a couple of years over that which it replaces which should have at least a couple of years as well. If curriculum does not have a proven track record over a couple years then a parent must decide if they are willing to allow their child’s future to be subject to experimentation in the present.
8. Is there breakout into small groups and how are they managed to provide the optimum learning experience for each student in the group.

Discussion: A positive of small groups is that enhances participation and engagement in the math learning process that may not otherwise occur in a large group setting due to social inhibiting factors. Also sometimes a student can learn a math concept to another level when attempting to explain material to another student. A negative of small groups can be there may a stronger academic student in the group that supplies all/most of the answers to a skill exercise in order to ‘get it done’ and a weaker student may be only to happy to copy down the answers without understanding them thereby minimizing the whole learning experience. It’s important for a parent to know how the small groups are managed to insure that their child is fully engaged in the learning experience of which the small group breakouts is intended to foster.
9. What text book is being and what are it’s strengths and weaknesses and how much will be covered?

Discussion: The text book (or series of booklets) used is for the most part simply dictated by the curriculum chosen, though some teachers may supplement the text with additional hand-out material, perhaps from other texts. Here an involved parent should request a copy of the book (or booklets) to be used in the classroom of their child and take a scan through it. The parent should be comfortable with what is being taught, and if he/she is not, enough questions should be asked to resolve what it is that makes them uncomfortable with it. A parent may wish to have their child’s textbook to contain concrete examples with math procedures explicitly highlighted as well as interesting application exercises that bring the concept home. For a curriculum such as Connected Math, there are recommended series of booklets per grade level. A school district may elect to not cover all the booklets in one year, or may mix and match them amongst grade levels. It is important that a parent be comfortable that their child will be exposed to all the material that is expected of their grade level as at least mandated by their state. If for instance, some material will not be covered in their child’s current grade level, it is important for a parent to know when any such gaps will be filled in during their educational experience.
7 Effects of Constructivist Math Curriculums on Career Choices

It is the opinion of some that reformist math can cause a fallout in higher level learning and ultimately in career choices. This can come about when the more traditional computation, drilling, and algorithm learning is left out of a math curriculum in K through 12, and especially in the grades school and middle school years. The internalizing of procedures through repetition has in many instances been removed in favor of other development. 
A student that has not achieved internalization through repetition will have difficulty in finishing standardized tests in a timely fashion. Ultimately this can affect the results on college achievement and college level entry testing such as the SAT. Poor scores on a test such as the SAT could be one factor amongst a few that determine the quality of education a student is able to obtain via the colleges to which the student is accepted. The quality of education can affect the type of career job a student can get when college is over.


At the college level a student must prepared with math basics that have been internalized. One example is the use of long hand division and multiplication used in the application of polynomials, in finding factors and roots, and the like. An over reliance on calculators can greatly hurt a students feel for numbers and the student’s estimating skills all of which are key math skills for problem solving. Students that are not prepared in such a way as these and others will not be able to complete courses that will lead to careers in science, engineering, business, medicine, and others. They must look elsewhere for career choices. It has been suggested in a study that skills acquired in school, particularly through the eighth grade are a predictor of earnings in later life.


It is of critical importance that students acquire the necessary internalization of math procedures and number sense by high school, otherwise the skill set as well as the confidence will not be present in the student to propel him/her to higher levels of learning which can ultimately lead to professional, higher paying careers.

8 Alternative CMP Resources
8.1 Web Resources for Alternative Views on CMP

This section contains a list of a few web sites containing alternative information, commentary, and opinions on the CMP curriculum. Other web sites of interest on this topic may be gotten from the references section of the literature review that is associated with this document.

1. Group/Organization: Mathematically Correct

Web link: www.mathematicallycorrect.com

Description: This is one of the premiere web sites containing alternative view CMP material. This organization was birthed from a group of parents concerned about the math instruction being given to children via the CMP curriculum. The web site is maintained by the group called Mathematically Correct. The web site contains amongst other things a detailed critique of some CMP text/booklets. This critique is well worth an examination and provides insight into the issues that form some of the controversy regarding CMP.

2. Group/Organization: NYC Hold   (New York City Hold)

Web link: www.nychold.com

Description: It appears that the NYC Hold web site came about from a group of people concerned over the introduction of CMP into certain New York City schools. The web site contains by far the largest collection of alternative CMP view material and web sites. The collection of other web sites on this topic is very expansive. The web site appears to have become almost a master index to alternative CMP web sites, including a link to the Mathematically Correct group previously mentioned. The web site was found to be the most valuable collection by the sheer volume there contained, of alternative CMP information.

3. Individual Web Site: Betsy Tsang

Web link: www.nscl.msu/~tsang/cmp

Description: This web site contains some powerful commentary from the perspective of person is both a parent and a scientist. Betsy Tsang gives some insight into CMP weakness from the viewpoint of a parent whose child was personally being taught math in a CMP curriculum. As a scientist, Betsy Tsang would have a good mathematical background from which to judge what is needed in her own daughter’s math education to attain the success that she as a scientist has achieved. This is an interesting web site describing the observations of a well educated parent meeting and struggling with CMP through the experiences of her daughter.

8.2 Alternative Text Resources

This section contains a list of material resources that were referenced in the ‘Methodology’ section of this document, but which are in general useful standalone resources that could be used to fill the void that is left by CMP as pointed out in this document.

1. Book: “Math On Call”
Applicable Grade Level: 6 – 8

Publisher: Great Source Education Group, A division of Houghton Mifflin Company

Review Description: This is a great math resource book, a math almanac of sorts, that covers the core math concepts of grades 6 through 8. This book is one in a series of books covering grade school through high school. The purpose stated in Math On Call for the book, and in general the series of these books types, is to be a resource book to be used as a reference for those math topics for which a learner is unclear or needs some help, or as a handy reference look up. In the same vein that it is good for every household to have a dictionary, and set of encyclopedias on hand for reference, Math On Call and the associated series of books should also be included on the shelf of home reference books. The math concepts and computation skills contained in the book, and the series, are concise, with outstanding color graphics, with some concrete presentation tied into the abstract/procedural exposition. The book and the series is an excellent resource for the student, teacher, and parent. Every child in a CMP program should have this book or the series of books as alternative math resource.

2. Book: “What Your Sixth Grader Needs To Know: Fundamentals of a Good Sixth Grade Education”
Author: E.D. JR Hirsch
Grade Level: 6

Publisher: Dell Publishing, a division of Bantam Doubleday Dell Publishing Group, Inc.
Description: This book is contained in a series of such books called the Core Knowledge series. A book in the series for a particular grade level such as sixth grade, contains the fundamental knowledge a child should know in all the subjects, including math. For math this book can be used as a check at what a child should know at the sixth grade level along with being a handy resource or study aid for the child to acquire the knowledge he/she should know or for a parent to assist a child in what he/she should know

3.) Book: “MCAS Mathematics Coach, Grade 8”
Author: Steven H. Lapinski

Publisher: Educational Design

Review Description: The MCAS Mathematics Coach is a series of booklets for different grade levels, including grade 8, that is designed for students to review and master material to be found in the Massachusetts Comprehensive Assessment System (MCAS) for mathematics testing. The mathematics frameworks which has been elucidated by the Massachusetts Department of Education for MCAS testing appears to be very sound. The MCAS Math Coach Grade 8 booklet, as well as the others in the grade level series, is very well graphically designed. It is concise, contains strong topical review, worked out examples, and plenty of exercise examples with answers given. Also included are a couple of practice tests. The practice tests are an excellent resource in general to assess math weaknesses that can be shored up by going back into the booklet and doing the review exercise(s) associated with the assessed weakness. 

8.3 New CMP Text Analysis and In-Class Observations

The Appendices ‘A’ through ‘D’ contain a personal analysis of the two of the most fundamental texts starting the middle school years: Bits and Pieces I and II. These two booklets are the  cornerstone treatment in CMP for fractions, decimals, and percents. Analysis is provided that points out the weaknesses as well as strengths. The texts are examining to great degree in their coverage of the steps of modern day math learning model which is used as the measuring metric against which to compare. There is also an appendix that contains direct in-class observation of the teaching of the CMP text “Filling and Wrapping”. An analysis of the text and recommendations for improvement are given. This analysis gives an up to date review of the current editions of these books. These appendices provide hands-on, additional verification of CMP deficiencies that were drawn out of the literature review.
8.4 The Open Letter That Started The ‘Math Wars’


Appendix ‘E’ contains the letter to the Secretary of Education from U.S. scientists and mathematicians that rejected the exemplary and promising status conferred upon the new reformist math curriculums. This letter is a significant historical point in the beginning of the ‘Math Wars’ and marked the rise of strong scholarly opposition to the new constructivist math programs sanctioned by the Department of Education.
8.5 Authors Background


Appendix ‘F’ contains the author of this paper’s background and some personal opinions on constructivist math programs.
9 Statement of Learning / Conclusions

It was learned through this project that CMP does indeed contain serious deficiencies in addition to its more popularized strengths. This was learned through a three pronged process.

First, the literature review put into a motion a closer examination of alternative literature on this topic which turned up surprising information. For instance there was some investigative study and analysis that countered one of the main tenets of constructivist math curriculums such as CMP, which is the effectiveness of exploratory learning. Some evidence pointed to exploratory learning as sometimes not being a good model for learning math which is contrary to one of the main premises upon which constructivist math curriculums are built.

The second prong of the process was to provide supplementation based on literature driven deficiencies that was verified by direct, personal review and analysis of some CMP representative texts.

The third prong of the process was to verify the deficiencies via analysis based on personal, direct observation and tutoring assistance in the actual implementation (i.e. as taught) of CMP in the classroom.

The project effected an integration and application of knowledge obtained in previous course work in the masters program. This integration and application of knowledge formed much of the basis through which the CMP deficiency premise was examined and from which the conclusions and supplementations sprung. Specifically this integrated knowledge was applied to show that CMP typically covers well the first three steps of the current math learning model which are intuitive connection, concrete manipulation and representation, and pictorial representation, but lacks coverage of the very important and critical fourth step, abstract representation. The fifth step in the model is communication (i.e. the ability to communicate/explain a math concept to another peer) and one could argue the effectiveness of CMP assisting in the assimilation of this step.

The project was a great vehicle for exploration and verification of the original premise that CMP is deficient and needs supplementation. It was learned what specific supplementation is needed and why.

The project also generated some personal fervor and a coalescence of a contrarian view point on constructivist math in general. It is not sound analysis and decision making to out rightly discard the traditionally taught math in favor of constructivist taught math when there is not even half a decade of research showing the superiority of the latter. It is not sound judgment to so easily cast aside decades of traditionally taught math that has educated generations of citizens well enough to enable the country to be the first nation to put a man on the moon.

The project showed that CMP’s strength is in providing a methodology that has potential to make a math concept relevant to the student from which a deeper cognitive connection and understanding is formed. However, it was learned and substantiated that that CMP leaves the student well short of mathematical mastery and somewhat computationally devoid. Symbolic math representation and manipulation are left behind in an overly zealous rush to develop mathematical intuition and “feel”.

The abstractions of math (i.e. it procedures, algorithms, equations, symbolic representation and manipulation) need to be fully developed and mastered along side and hand-in-hand with the fostering of making intuitive and concrete connections in math. Today’s children must be equipped to become competent, knowledge competitors in the highly evolving technological world in which they will find themselves. Anything less, than the best math training, content free of political agenda, is a disservice in the education of today’s children.
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Appendix A – Personal Analysis of Selected CMP Titles
A.1  Analysis of Connected Mathematics: Bits and Pieces I


“Bits and Pieces I” is a beginning text for learning fractions, and it is targeted for the sixth grade. There are good concrete models that are presented in this booklet for learning fractions. The concrete models used are fraction strips and the area model. This really is a good way to develop an intuitive feel for fractions. A drawback with this booklet however is a lack of summarizing abstractions. Abstractions, a.k.a procedures/methods/algorithms, are an important part of the modern day learning model for mathematics.


On page 29, in the Extensions section, exercises 38-40, the student is asked to “find every fraction with a denominator less than 50 that is equivalent to the given fraction” where the given fractions are 3/15, 8/3, and 1 4/6. No procedure summarizing the concrete and pictorial stages of the learning model has been given at this stage of the booklet. Though sec 2.2 is entitled “Finding Equivalent Fractions” no summarizing procedure is given to produce answers to this question. The only tools available to the student at this point, per the text, is trial and error using the concrete manipulatives of fraction strips. At this point methods such as Least Common Denominator (LCD), Greatest Common Factor (GCF), and Multiplication of numerator and denominator by a common number to get a larger but equivalent fraction should have been introduced. In fact a formal method of finding the Least Common Denominator is never presented in this booklet. This should be a central abstraction to the concrete and pictorial presentation in this booklet for finding equivalent fractions and it is a critical piece that is missing.

Investigations 3 introduces the area model (circular and rectangular) for concretely learning fractions. Both are good models for learning at the concrete and pictorial levels. The chapter mentions the definition “mixed number” in Connections exercise #15.a. in parenthesis after the question “How many fourths are in 4 ¼?”. This is an important definition and shouldn’t be found after the fact and almost as a trivial sidelight to an exercise. A similar technique is taken in the presentation of the definition of improper fraction in #15.b. The definitions are important and should be highlighted rather than appearing as a side bar to an exercise problem. In the same Investigations unit, Connections 18 through 23 asks for a missing numerator in two equivalent fractions. For example 3/15 = ?/30. A rectangular area model illustration showing that 6/10 = 3/5 is given above the exercise as an example. The only tool available to the student at this point is to draw area models and slice the same area into 15ths and 30ths and look for equivalency. At this point a procedure should have been presented that abstracts a numeric method from the concrete model for solving this. Again as in many places in Connected Mathematics a strong concrete model is not followed up with an abstracting procedure, or if an abstracting procedure is given, often it is not highlighted but is instead almost hidden away. After Investigation 3, comes Investigation 4, “From Fractions to Decimals”, still without a procedure for finding the least common denominator (a.k.a. Least Common Multiple / LCM ) ever having been given. This is not appropriate for the fractional topics covered. An LCD procedure at a minimum should have been presented.

Investigations 4, “From Fractions to Decimals”, focuses on converting fractions to decimals. A Rectangular area is used as the concrete model for presenting overlapping representation of fractions and their decimal equivalents in base 10. This is a good learning format, however it is not followed up with abstracting a summarizing procedure to do these conversions. In Problem 4.2 Follow-Up exercise #2.a the statement “You can write 9/100 as the decimal 0.09.” is made followed by the question “How could you write 9/1000 as a decimal.” No explicit connection or review as been made with place value for support of the concept of fraction to decimal conversion. Creating a pictorial representation for 9/1000 isn’t practical so the student would to need extrapolate from what has been learned, though no summarizing method that generalizes the specific concrete cases given has been presented. This would seem to be a deficiency and one that should have be taken care of before launching the question of how could one write 9/1000 as a decimal. There’s always of question of balance classroom time management in that how much time does a teacher use a didactic approach for having a student acquire knowledge versus directing the student to discover the knowledge. Student discovery is a powerful tool that can aid greatly in understanding and knowledge retention, but is there time to do this with every cornerstone of math is the question that begs an answer. Practically speaking there probably isn’t, and leaving out methodology abstractions, due to an overplay of discovery for the amount classroom time available, will leave students mathematically deficient.

Continuing in Investigations 4, Problem 4.3-A asks to rename fraction benchmarks as decimal an in A.2 the example ¼ is given. To this point there hasn’t been a clear concrete model overlapping a fraction with a denominator other than 10 to a decimal. A concrete example has not been presented and no procedure such as long hand dividing 4 into 1 has been given. The tool given to the student at this point to answer the question that has been raised is deficient. On page 47, in ‘Applications” for exercises #10-13, pairs of numbers are given with a fractional and decimal format such as 3/5 and 0.3. The symbols greater than “>” and “<” less than are casually introduced here and along with the equals “=” sign, and the student is asked to insert the correct symbol between the pairs of numbers to make a true statement. This exercise is a good one, but the casual introduction of important math symbols leaves something to be desired.

Next up is Investigations 5, “Moving Between Fractions and Decimals”. At this point the students have been presented with the good concrete models, but no abstracting procedures. Many students struggle greatly with the concept of fractions and concrete models are a very necessary ingredient in learning fractions, but at this late point in the booklet no abstracting procedures for dealing with fractions has been given. This really is inappropriate given the amount of time already spent investigating fractions at this point in the booklet. In Problem 5.2 the number 5/12 is being introduced and being asked to find its decimal name approximately using a pictorial diagram that has several equal length fraction strips representing halves, thirds, etc. upto twelfths and hundredths.This a nice concrete and pictorial way of conveying fractional equivalence using some fractions that occur frequently in normal, everyday life context (like 1/3, 1/2). Still it is not followed up in short order with the abstracting procedure to find the decimal equivalent, which would be long hand division. The tenets of the procedure of dividing the denominator into the numerator to get the decimal equivalence isn’t given until Applications exercise #25. This exercise starts off by stating “James says a fraction is another way to represent a division problem. For example, he says 3/8 means the same thing as 3 
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8.” This is a much too casual introduction and an aside introduction to a critical math computational tool. The problem statement #25 continues “What do you get when you do this division on your calculator? Compare your decimal answer with your fraction strips to see if this is reasonable. Describe your findings.” Because the long hand division algorithm/procedure is not typically part of a students basic math tool set within a constructivist math curriculum such as Connected Math, it is not available to the student to make this conversion of 3/8 to decimal. Instead a calculator must be used and the first step towards “number senseless” rather than the development of “number sense” has been taken. The development of estimation skills and number sense it is believed would be better served by the use of long hand division rather than a calculator in this very critical learning instance.
In the Extensions section of Investgations 5 exercises #45-50, there is again over reliance on concrete manipulatives and a lack of development of a procedural method to solve the exercise. For exercises #45-30, the text asks “…find and estimate if you cannot find an exact answer. You may find that making a number line or a diagram is useful in solving the problem. Explain how you reasoned about each problem.” This is followed by the same type of formatted exercises such as exercise #45 “What is ¼ of 12?”. Though the instruction to use concrete tools such as a number line or diagram to understand the problem is a good directive, it is very inappropriate that at this stage of learning fractions that the student has not been given a specific method to exactly answer this question.

Investigation 6, “Out of One Hundred”, introduces the concept of percent. It uses some good pictorials and applications to walk the students through the concept of percent. One deficiency that pops up in the presentation however is in Problem 6.2 having to do with discounts in a Village Pet Shop. Question D.1 of Problem 6.2 states “Rewrite the text on the pet treats sign so that the discount is shown as a decimal.” The text of the pet treats sign is “ALL YEAR LONG YOU CAN COUNT ON A 12 ½ % DSICOUNT ON PET TREATS!”. The concept of what to do with a fractional percent has not been dealt with yet. There is a deficiency here in what has been taught to answer the question. This same exact problem again appears in the Connections #20 exercise of Investigation 6 where 12
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 %, along with some other percents containing a fractional component are presented in the Percent row of a table in which the student must convert the percent values to fraction and decimal values. The table exercise is a good one for the inter-conversion between the different number forms, but again the student has not been given knowledge to deal with a fractional percent. This is not appropriate based on the material that has been presented. The student should be prepared to handle this before being confronted with it.

The Glossary of Bits and Pieces I contains one pictorial example of place value for converting the fraction 375/1000 to the decimal 0.375. Place value should be more prominent in developing the fractional to decimal conversion concept and not simply buried in the back of the booklet. Part of the math learning model is to connect the new with that which has already been learned. Place value should have been previously learned and should have been explicitly connected to new fractional/decimal concepts in order that the student develop an intuitive sense for the new concept which is also part of the mathematics learning model.
A.2  Analysis of Connected Mathematics: Bits and Pieces II

Investigations 1, “Using Percents”, leads the student through practical applications of using percents with a lot of focus centered around the example of sale tax percentage. Though the examples are good, it is disappointing that the application exercises aren’t followed up with a procedural summary for finding percentage of something. Also in  the Connections section, exercises #23-26 asks the student to “replace the question marks with numbers that will make the sentence true. There may be more than one solution. If so, show at least two solutions.” The exercise examples are 4/9 = ?/?, ?/? = 3/5, ?/3 = 8/?, 5/? = ?/18. The student here is left with a trial and error method and perhaps making pictorial representations. No procedures have presented to solve these exercises, which is a deficiency at this point. Also this would have been a good time to tie in using the multiplication tables to answer the questions which would have been a useful review of the multiplication tables.

In Investigation 2, “More About Percent”, the focus is to find a percent value that represents the relationship between two numbers like 50 out of a 100 something is 50$.
Chapter 2.1 and 2.2 walk the student through some applications and exercises. A major difference between a constructivist math pedagogy such as Connected Math and a traditional way of teaching is found in problem 2.2 where the student is asked “… try to find a way to describe a general strategy you can use for solving these kinds of problems.” Problem 2.2B for example asks “If 120 out of 300 seventh graders surveyed said math is their favorite subject what percent of these seventh graders is this/” A traditional math program would have a procedure for translating phrases like “out of” or “of” to math operations. A constructivist math program attempts to have the student discover a method. Though perhaps trying to discover a procedure for a brief amount of time could be beneficial, the problems of 2.2 come to a close without a summarizing procedure being highlighted in the book. After attempted discovery, students shold be led to a procedure, perhaps even filling or recording it into the book or an associated workbook or notebook for later review. 

For math to become second nature, some amount of revisitation is needed, and a clarity of summarizing procedures should be contained in a math textbook. Due to its philosophical tenets , Connected Math booklets typically do not include such information at all or with highlighted summarizing clarity. It’s difficult to see the benefit the approach taken in Connected Math booklets when students need periodic revisitation of material learned and it would seem beneficial to provide them a mechanism to easily revisit/review the summarizing procedures that capture the concepts.

Continuing on in Chapter 2.3 and 2.4 there are more good application examples to develop the learning of percents, but again in the Application section, #5 there is the statement “What is 5% of 40?. Show how you found your answer.” Some efficient method of doing so should have been established at this point to compute this such as changing 5% to .05, the word of to multiplication, and multiplying out .05 x 40 using long hand multiplication without a calculator. Understanding what 5% of something means conceptually is important, but equally is important is knowing how to efficiently get the answer once the concept is understood.

In Investigation #2 in problem #21, #21.a states “Janelle said “The median divides a set of data in half.” What does she mean?” And  #21.b states “Randy added “If the median divides a set of data in half, you always know what percent of data is below the median and percent of data is above the median is above the median.” Is Randy correct? Justify your answer.” This the ‘Connected Math way’ of introducing a definition in a non-intimidating way by casually mentioning it in a problem. Median is an important definition. It would seem that the limited amount of class time would be much better served if the definition of median along with a couple of examples was presented in the context of the ‘Investigation’ section rather than the informal definition introduction and discovery of what it means in the ‘Connections’ section.

Chapter two ‘Math Reflections’ pulls in summarizing procedures of how to find for example what percent 30 is out of 120 by asking the student to find two methods and explain why each works. This is a wonderful reflection, but the text in the Connected Math way of doing things does not contain in print, tried and true methods for doing so which would be very beneficial for later student review.

A review of Investigation 3 – ‘Estimating with Fractions and Decimals’ reveals an excellent treatment of developing the important math skill of estimating with a focus on fractions. There are good pictorials, a card game, and good applications. This is one chapter that really shines and would be a wonderful chapter to graft into other math text books including traditional oriented ones. A constructivist approach really plays well to this topic of learning to estimate through exploration and reflection. This chapter is highly recommended as one that should be considered as a supplement for this topic in any math curriculum that isn’t using Connected Math at the sixth grade level.


Investigation 4, ‘Adding and Subtracting Fractions’, is about learning a method to add and subtract fractions and mixed numbers containing like and unlike denominators. There are some great application problems in this chapter. The definition of an algorithm is defined. The cornerstone of the chapter is framed on Problem 4.4 where student groups  are asked to develop an algorithm for adding and subtracting fractions. The problems leading into Problem 4.4 are good lead-ins that develop an intuitive sense for the application of fractional subtraction and addition. However a full blown discovery of algorithms to add and subtract fractions is probably not within the realm of the average sixth grade student. Even with teacher directed discovery there should be a concern here that the students may attach to an incorrect or inefficient method during the discovery process. Also the class time to rediscover tried and true algorithms that have been used for generations would seem to consume an inordinate amount of class time. Though some students may rediscover “the wheel” so to speak and experience a deep connection between the concrete concept and abstract procedure, many others may not.

A better approach given the issues discussed above would be perhaps to have some time for conjecture and observation that then would lead directly to didactic presentation by the teacher of fractional binary operations. It seems inappropriate to have students do the discovery process on the critical topic. Some of the tenets of the discovery learning model come from how to learn science via hands on experimentation. This model does not seem appropriate for this math topic and may overly frustrate procedural learning personalities. The associated application problems in this investigation are very good, but it all comes back down to the acceptableness of using a constructivist approach to learn these age-old fractional operations.

Investigations 5, ‘Finding Areas and Other Products’, examines the multiplication of fractions. Dividing up a pan of brownies is the starting application from which this concept is learned. Though it should have occurred earlier, here in this chapter the English to math translation for the phrase “of something” to represent “times something” is presented. It would have been better if this translation was taken one step further and it was stated that the “of” could be replaced with a multiplication sign.


Section 5.4 asks for students groups to develop an algorithm for multiplying fractions. As stated in the review of Investigations 4 that had students doing discovery of fractional addition, the same comments could again be made here. Suffice it to say that a bull blown classroom session or more for discovery of an algorithm to multiply fractions is not appropriate. See review of Investigations 4 for more details. Investigations 5 concludes with many colorful and useful application problems and a worthwhile reflection on multiplying fractions. A major drawback however is once again summarizing procedures and rules for multiplying fractions is never captured in print in the booklet itself which is a disadvantage to the students.

Investigation 6, “Computing with Decimals” is a chapter that reinforces binary math operations using decimals with emphasis on decimal addition and subtraction. Multiplication of decimal numbers is introduced.

Section 6.1 uses a game called, ‘School Supply Game’ to practice the application of addition and subtraction of numbers with decimal components. The game is played by finding a combination of priced items from a list that when added, subtracted, or multiplied that results in an answer in a table. The first person to get four adjacent answer blocks, in bingo fashion, wins. The use of multiplication as an operation, though suggested in the rules for the game, is not practical at this point as the students have not been introduced to decimal multiplication. Besides this drawback, the game is a good application for practicing decimal addition and subtraction and should be a good interest holder for which the students can engage in play and learn at the same time. Using game play for classroom learning is a valuable teaching aid.


Section 6.2 is an exploration of place value. There are good discovery application problems that examine the cause and effect of moving a decimal point around. This section relies heavily on an intuitive connection to existing number value size recognition. From the perspective of a review of place value, the section does not conclude with reviewing the mechanics of place value with a tie into a graphical representation such as is shown in the glossary on page 92 for the definition of a decimal. The picture on this page breaks out the number 5620.301 into a diagram that categorizes the power of 10 for each digit in the number (e.g. the digit ‘5’ is positioned in the ‘thousands’ place column). From the perspective of an introduction to place value, this section is very deficient without a formal and diagrammatic presentation of the topic. Formal definitions of digit value relative to an inferred or explicit decimal point are not given. Whether this section is intended as review from a previous grade level or as an introduction to place value, it is woefully lacking. This critical concept of place value needs to be heavily supplemented beyond what is given in this section. To not do so would be of a great disservice to the math education of the students being taught.

Section 6.3 works through the multiplication of decimals. The section uses the area model to concretely show the multiplication of power of ten fractions (such as 1/10 of 1/10) and the corresponding representation as a decimal (1/10 of 1/10 is the same as 0.1 x 0.1). The area model is good concrete model from which to learn for this topic. There are good application problems in this section to develop an intuitive sense of decimal multiplication, but the section does not conclude with summarizing rules in the text for decimal operations. Again students are asked to discover decimal multiplication rules. As discussed previously a lack of presenting concluding rules in print in the booklet is inappropriate and does not fully support the learning model of concrete presentation, followed by pictorial representation, and concluding with abstract representation which in this case are the procedures for decimal multiplication.

Section 6.4, ‘Shifting Decimal Points’, is a good application section for decimal multiplication. The ‘Problem 6.4 Follow Up’ implies knowledge or skill with division involving decimals. This skill hasn’t been covered, so a trial an error method would have to be used with decimal multiplication. It might have been better if decimal division had been introduced before tying a problem that would seem to require decimal division for an efficient solution.


Section 6.5 has an application problem involving addition and multiplication of values coupled with decimals for calculating how much material will cost to fence in a dog. It’s good application problem, but methodology inferred is slightly out of order. The Problem 6.5 ‘Follow Up’ asks the students to sketch the fence and label dimensions after the material cost has already been calculated. It would have been much better to suggest this first, rather than later, to reinforce the steps of good problem solving. A sketch should always be drawn first to help visualize the problem and to get a conceptual connection for the problem.


The ‘Application’ section of Investigation 6 starts out the first few problems with asking fro an estimate of adding subtracting, and multiplying numbers containing decimal components. These are straight forward computations and at this point students should be asked to do accurate computations via learned rules and should not be allowed and asked to do estimations of the answers. Application problem #6 would be answered in the most straight forward way via division, but decimal division has not yet been covered. The problem asks how many end to end bricks are needed for a 21 meter walkway using bricks that are 0.26 meters long. 
In the ‘Extensions’ section of Investigation 6 problem #13 has no absolute answer. A number line has equal spaced hash marks with ‘2.1’ labeled in the center has mark of the number line. Question 13.a asks the student to show four different ways to fill in the missing numbers on the number line. One could conjecture by visual inspection or ruler measurement that the hash marks are equally spaced. One could then assign any value to the distance between the equally spaced hash marks and then successively add and subtract by that value to and from the value of the center hash mark, respectively. There is no second reference or constraints given to generate a single answer. Rather than encouraging any constant increment as acceptable, it would have been more constructive to have the students determine why there is no one right answer and what would have to be added or changed to the problem to generate one right answer.  This kind of open ended problem with no one right answer could frustrate a procedural learning personality. Though the subject of this problem leads one to recognize a pattern of equal spacing with a constant value defining the spatial increments, it is overly open ended.
The ‘Mathematical Reflections’ of Investigation 6 has students describing in words, with one or more examples, of how to add two decimal numbers without using a calculator, and the student is to explain why his/her method makes sense. At this point only an efficient rule, abstracted and highlighted from the discovery phase should be asked to be put forth. All the students should be using the historically efficient, procedural way of adding decimal numbers and not being asked to produce their own ‘pseudo’ original method. There is more of this kind of query in this Reflection which is not appropriate to setting a strong basic computational foundation in each student at this grade level. Reflections #5 and 36 are good application queries to cause reflection on the decimal operations learned, but the basic premise of going forward with a student constructed algorithm for adding, subtracting, and multiplying decimals is a bit far fetched, and difficult to manage in later review of this topic in this grade level, or at a higher grade level perhaps in another school system for those students that move. One method should be taught in summary and in reflection that every student can be directed to relearn or review by an educator, parent, or a future classmate that did not participate in the particular discovery of the student in this class. 

Investigations 7, “Dividing Fractions”, is probably the major piece missing from the first edition of the “Bits and Pieces” series. The lack of coverage of dividing by fractions was one of the criticisms put forth by math traditionalist and may be found in the literature review that accompanies this methodology section. Unfortunately the topic of division with rational numbers is still not complete as decimal division has not been covered. This will be discussed again a bit later in this review of Investigations 7.

Investigation 7 takes the student through appropriate grade level application learning of dividing by fractions. It starts with coverage of whole numbers divided by fractions, followed by fractions divided by whole numbers, and finishes with fractions divided by fractions. There are good application problems for each of these modalities. There are thought provoking/reflective questioning like “Why is the answer to 8 
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2/3 exactly half of the answer to 8 
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1/3. This kind of question is very good at solidifying conceptual understanding of fractional division. However as in most of all the previous cases in this booklet, student self discovery of fractional operational procedures is overly promoted with no actual procedural methods actually appearing in the print of the booklet.

This philosophy or type of presentation again does not reinforce the current modern day of learning math (i.e. concrete to pictorial to procedural). Another aspect of student discovery of basic procedures is that a student’s discovery may only be building a model that is based on more primitive procedures such as using trial and error with addition and subtraction and that in many cases the discovery does not generate the efficient procedures that have been used for generations. What is discovered may only be something that uses more primitive operations (repetitive addition and subtraction) which in themselves were also taught rather than discovered. So there can be an illusion of discovery when in fact no significant self discovery has occurred. It seems deficient in the coverage of fractional division to not have standard summarizing procedures placed in the print of math book after the discovery phase has been presented.

The ‘Extensions’ section draws in the definition of reciprocal and as good exercises for applying this concept. Though it is the way of Connected Math to draw in such topics casually in the ‘Applications’ and ‘Extensions’ section, a traditionalist would probably desire to see such important concepts as reciprocal appear more in the main body of the Investigation learning unit.

“Bits and Pieces II” is the basic concluding framework of percent, fractions, and decimals. With this concluding investigation, decimal division has not been covered. It is highly deficient not to cover this at this grade level (i.e. sixth grade). Perhaps it is missing because of a notable absence of support for long hand division in ‘Connected Math’ and it’s constructivist predecessors found in the earlier grade levels. If long hand division was formally contained within the curriculum then with minor observations and intuitive extensions, learning decimal division would have easily fallen out of an already existing mastery of long hand division.

On the positive side, Investigations 7 also asks students to write a story or two involving division. This is an excellent technique of causing students to reflect and to more deeply understand and recognize the situational use of division. Bits and Pieces II like all ‘Connected Math’ booklets concludes with a ‘Unit Reflection’ section. This a review through application and exercise problems of all ‘Investigation’ chapters covered in the booklet. It is concise review of the topics covered. Typically a major test would be given to the students at this time.


Overall “Bits and Pieces II” is strong in conceptual development through concrete modeling, but it is weak in procedural summaries for every topic covered.

Appendix B - Personal Observations of CMP Implementation in a Classroom
B.1  Introduction

I worked as a ‘Title 1’ Math Tutor from the end of January 2004 to approximately the end of April 2004. My job responsibility evolved into directing the 8th grade math MCAS review material to be covered for a special after school program. There were three 8th grade math groups that met once a week for about an hour to an hour and a half for about two months. The groups consisted mostly of students that performed poorly on their previous math MCAS in sixth grade and also some students designated by the teachers as needing help. The program was offered to the above limited group students and attendance was voluntary. I led one of the three once-a-week small group sessions.

The other major part of the job responsibility was to support two teachers in-class when the didactic part of the Lesson Plan was completed and the individual work or group work part of the Lesson Plan was executed. This pretty much consisted of walking around the class along with the teacher and helping those individuals or groups that needed it. I started in-class support for about 3 eighth grade classes a day in which the Connected Mathematics curriculum was being taught. This was and has been my exposure to Connected Mathematics. I started almost at the beginning of the presentation of the “Filling and Wrapping” Connected Mathematics booklet, and I supported it through its conclusion and to the start of the next booklet “Looking for Pythagoras”. My focus of observations presented are on the presentation of “Filling and Wrapping”. “Filling and Wrapping” covers the basics of understanding and finding volume and surface area for 3-Dimensional figures.

“Filling and Wrapping” is listed in the group of Connected Mathematics booklets for seventh grade, however in the suburban school district in which I worked “Filling and Wrapping” was inserted into the eighth grade curriculum of the Connected Mathematics curriculum being taught. The Connected Mathematics curriculum was used to teach the low to medium performing students. The higher performing students had available to them a traditionally taught Algebra class based on a fairly traditional text.

The Connected Mathematics classes typically contained some number of Independent Learning Plan (ILP) students. The last class of the day that I supported was heavily weighted with ILP students with perhaps half the class being ILP students. The last class of the day had the highest level of low performing students of all the classes I supported.


Each class was about an hour long, but was a little longer or shorter based on the day of the week. The execution of the typical lesson plan was review of previous day’s homework, quiz, tests, followed by presentation of new material, and concluding with individual or small group work on practice problems for the new material. This is a rough description that had some number of variations. The teaching in general integrated a high level socratic questioning and reflection through out the classroom session.
B.2  Analysis of The Text Used During This Observation –Filling and Wrapping

‘Filling and Wrapping’ has some wonderful strengths and some glaring weaknesses. The text is a fine reference in the use of concrete manipulative activities ( a key step in the math learning model). It contains good “hands-on” applications for practice.

One of the application exercises uses flat pattern development for surface area and 3-D box construction. Designing, cutting out, and taping together a flat pattern is a strong tool for building visualization skills that are valuable in geometry and real life. The flat pattern is used to design a box that is optimized for surface area and volume.

There is a packaging of basketball application exercise involving the manipulation of volume of different shapes in order to determine the insulation volume needed for the packaging. There is an exercise involving determining how much of an ice cream cone will get filled when a scoop o f ice cream melts. This is a powerful visual example of the interaction of differing shapes and their volume properties. There is the example of finding the volume of a simply illustrated submarine which involves the activity of adding together a composite of volumes of differing shapes in order to determine the total volume of the submarine.

The concept of scaling and volume is nicely addressed via the composting application exercise. The context of the exercise is to scale up a compost box and its composting materials. Composting is introduced as way of making gardening soil out of kitchen waste. This is an interesting, real-life, practical example with which students in middle school should be able to relate and identify. Composting is a way to dispose of organic waste and to generate a useful by-product at the same time. The application exercise goes on to setup a composition recipe consisting of a mix of some handfuls of soil, 10 pounds of shredded newspaper with 15 quarts of water, and a pound of redworms. The mixture is placed in a compost box. Every day organic kitchen waste is mixed into the soil in the box. The worms turn the waste into new soil. The initial box containing the composting is defined as a 1-2-3 box which has the dimensions of 1 foot high, 2 feet wide, and 3 feet long. This application exercise is a perfect example of integrating math with another subject which in this case is earth science.

The students are asked to work out  the amount of box material needed, the box dimensions required, and the amount of each the individual ingredients in the composting recipe in order to make a composting box that is twice the size of the 1-2-3 box. This example is used to explore scaling and its relationship with volume.


As with other Connected Math booklets, ‘Filling and Wrapping’ is strong in explicitly having students reflect on what they have learned and in extending what they have learned. Students are also greatly aided by the building up of the ‘language of math’ via writing exercise. For example, students are asked to write a paragraph about the differences and similarities of surface area and volume between a cylinder and a rectangle. This is a good tool for the development of the ‘language of math’ as well as analysis skills.

The preceding exercise examples that have been discussed demonstrate some of the strengths of ‘Filling and Wrapping’ and Connected Math in general. The text strives to demystify math through less formidable or intimidating presentation that strongly emphasizes building concrete understanding and intuitive feel. Intuitive extension and conceptual understanding through concrete manipulatives are the first two of five steps that have indentified in the modern math learning model. Connected Math, along with the text ‘Filling and Wrapping’, cover this aspect of learning very well. Next some of the weaknesses of ‘Filling and Wrapping’ that was observed and reflected upon are discussed.
B.3  Filling and Wrapping Weaknesses – Observed and Analysis

The amount of time and coverage spent in total for the topics of Surface Area and Volume for 3-D figures of boxes, cylinders, cones, and spheres along with some scaling is too much. In the class observed, it took about seven weeks to complete the ‘Filling and Wrapping’ booklet without every last exercise being covered. Given the amount of available math class time over the middle school life of a student, and the enormous amount of important math topics that must be covered and refreshed during that period, seven weeks is much too long for this particular topic. This can sometimes be the case with Connected Math pedagogy in that fewer topics may be covered and/or refreshed, but there may be great depth of coverage in certain areas. In this case it is believed that too much time was designed into certain aspects of coverage of the topic.

From a procedural pedagogy perspective, this topic could be covered in about two weeks. In order to provide a conceptual framework through some concrete manipulative work, and to provide some time to work through some relevant application exercises, adding another two weeks for a total of four weeks would seem appropriate to this topic. Four weeks would provide coverage of the early steps of the math learning model and should be good enough if the procedural/abstract steps of the math learning model are more greatly emphasized and exercised.

There was too much overlapping redundancy moving through ‘Filling and Wrapping’. In the lowest performing class it was observed after weeks of discussing and working on surface area and volume through concrete manipulative work, such as drawing flat patterns, cutting them out, and taping them together into a 3-D shape, that quite a number of students still could not distinguish between, and/or calculate surface area and volume.

It was observed that with many of these lower performing students that there wasn’t a deeper connection and understanding via the all too numerous activities of drawing, cutting out, and taping. It was a bit surprising. Day after day students would still be lacking in being able to calculate surface area and volume after much concrete manipulative work. This then leads one to question the amount of time spent on concrete manipulative work in certain circumstances when there isn’t a dividend payback. The payback should be that these students should be able to independently work through the basic calculations associated with this topic after a few weeks.

A major weakness in ‘Filling and Wrapping’ and all the Connected Math texts reviewed is the glaring absence of showing symbolically, important formulas, procedures, equations and procedural abstractions in general, within the confines of the text. In regards to this lower performing class the teacher finally had to explicitly mandate that the students memorize the surface area and volume formulas. This only occurred after multiple concrete manipulative activities had taken place but with the students not knowing how to calculate the circumference of a circle. This observation hits at the crux of the matter. If students are not going to make a deeper connection with math due to work ethics or domestic environmental factors, then it is a disservice to not leave such students with strong procedural information. In this case it would be better to not continue with activity that is only resulting in busy work with no lasting learning occurring.

It has also been said that concrete understanding is necessary to create memory place holders or hook upon which to attach summarizing procedures. In other words, summarized abstract information will not be remembered long term unless there is concrete understanding to which it can be attached in the human memory system. In this particular class however, it was observed that though the concrete activity was present, the students still did not hold in their memory the abstractions to which they were led or guided. They still seemed unable, after weeks, to recall summarizing procedures like the area of a circle even after completing concrete manipulative activity. This led to the explicit request that they, the students,  memorize the critical equations.

Memorization is considered a “dirty” word in the circles of math constructivists. For these particular students, in this particular instance, they may have been better served to have a ‘paired’ down version of the concrete manipulative activity with more emphasis on symbolic representation along with the responsibility for remembering it. Connected Math has no review in the print of the text of ‘Filling and Wrapping’ for circumference and area of a circle. A refresher on this topic was definitely needed before volume and surface area was explored for the particular group of students observed. This issue with the text was circumvented by the teachers writing down formulas for the students to take notes, and eventually a summarizing sheet was given out by the teachers. This should have been unnecessary as this valuable information should have been contained in the text, and if had been, it would have saved some class time and some preparation time for the teachers to provide this information.


In the presentation of volume relationships of a cone, sphere, and cylinder it was observed that the two teachers observed did a demonstration with socratic questioning and reflection in regards to how much a sphere filled with some substance (e.g. water)  would fill a cylinder given that they all had the same radius and height. And likewise was done with a filled cone. Though it appeared to be a strong conceptual demonstration (e.g. a cone filled with water poured into a cylinder of the same height and radius resulted in the cylinder being filled by 1/3.) Students days later didn’t seem to recall the relationship (i.e. the volume of a cone is 1/3 the volume of a similarly dimensioned cylinder). As an observation, this results led to questioning of the effectiveness of this concrete presentation. If student recall of the important relationships isn’t present a couple of days later, one has to question the method. Perhaps the students needed to do the ‘exploration’ experiment individually to generate the concrete understanding. If these concrete experiences are not going to assist in generating good procedural recall, it would be better to save precious class time and go straight to memorizing what needs to be remembered and some representative application problems in order to continue the student’s math education onward towards competency.
B.4  Other Filling and Wrapping Curriculum Observations

Another time waster was the use of grid paper to estimate surface area for circular shapes such as the base of a cone or a cylinder. Too much time was spent in this activity of either cutting out or drawing a circular shape and then trying to estimate the circular area superimposed over 1 cm. square blocks. Estimating fractional area of 1 cm. blocks on the periphery of the circle is an inefficient use of time and didn’t seem to produce some kind of deeper understanding. Directing students to the use and rememberance of the formula of the area of a circle would seem to be time better spent.

As volume of a basic shape typically is most efficiently represented with one of it’s dimensions containing a power notation, such as S
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 (side cubed for a cube). ‘Filling and Wrapping’ provided no review of power notation and exponents. The teachers had to supplement the text in this area. This is a weakness of a spiraling math curriculum, such as Connected Math, where mastery is not sought the first time a concept is presented and there is not much in regular review of the procedural methods in which to efficiently apply the tenets of a concept. There was an observed incorrectness in the ‘Filling and Wrapping’ model in the teaching a certain concept that should be of some concern. The concrete model used for finding the volume of a box was presented as covering the base of  a box, for example, with 1 cm. cubes and then determining how many layers of cubes would need to be stacked up to reach the height of the box, thus completely filling it. The total number of cubes used to achieve this filling of the box would then represent the volume. The disagreement with this conceptual presentation is that the layer of 1 cm. cubes covering the base represents a volume as each cube in the layer is a 3-D figure (i.e. 1cm x 1cm x 1cm). It was said that the number of layers of cubes needed to reach the height of the box, for example, would be the volume. This model is not correct as each layer of 1cm cubes already represents a volume. Conceptually it was not correct and could lead to later confusion, rather than clarity. It is the area of the base times the height of the box that represents the volume in its most basic terms, not the number of 3-D layers times the height.
B.5  Observations on Calculator Use

Many of the lower performing students in the eighth grade class had an over reliance on calculators to point of having lost mental math skills such as the multiplication table. There is a loss of some number sense when multiplication table recall degrades and long hand division skill was never attained or forgotten, or in some cases never taught. Calculator use is too much of a mainstay in Connected Math. At one point it was observed  in the lower performing eighth grade class it was clear that too much degradation of multiplication skills had taken place amongst the students and the teacher needed to take some time out to do a little refresher via use of a quiz.
Appendix C – Observation on Small Groups / Cooperative Learning and Recommendations/Tips

Inherent to Connected Math is small group / cooperative learning. One of the benefits of such learning is to engage students in thinking and talking about math concepts some of whom might not otherwise participate in class due to a variety of reasons. Some of those reasons may personality factors, such as introversion, or historical mathematical weakness and lack of confidence. Cooperative learning can help both the stronger and weaker student. The stronger student can be helped by learning how to communicate a math concept to another student. The ability to communicate a math concept is the final step in the math learning model. A weaker student can sometimes be helped in that a peer may be better able to convey a concept in the same language or level, so to speak, as the weaker student. This may lead to understanding something in way that was not previously picked up from the teacher. These are some of the strengths of small group, cooperative learning.

In practice the theory may not be achieved. It was observed in the lower performing 8th grade math class that the weaker students in a small group may just copy down without much reflection the information a stronger student in a group may be expounding. A poor work ethic in a student may persist in a small group environment and may be masked by enabling such a student to use the work of others to complete the class assignment being done in the student’s group.

Care must be taken to setup the environment and structure in which small groups may best succeed. Each member of a group should be assigned a task for which he/she is responsible. This could be something as simple as assigning the weaker student to be the group recorder or it may be that each person is responsible for answering a certain part of a problem or one set of problems. The main idea is that each student in a group should be tasked and responsible for something.

Groups of greater than three should be avoided as larger groups can allow a weaker student to follow a path of lesser participation and engagement. Groups should be changed regularly, even daily, in order to keep set patterns of dependence from growing between a weaker student and a stronger student. Constantly shuffling the groups also helps to minimize prolonged exposure to personality conflicts amongst students.


Cooperative learning via small groups should not occur more than 2 to 3 times a week in order that independent thinking be adequately fostered. Also a healthy mix of independent work may more easily expose an individual need for additional help as the teacher circulates around the class during the exercise assignment or practice portion of the lesson plan for the new concept presented.


Some helpful tips that were observed to shake up the groups and reenergize the students for the concluding one half or less of the class is to have them stand up and come to the front of the classroom and pair off into small groups according to certain criterion. The criterion could be to sort by hair length, hair color, clothes color, birth date, etc. Having the kids get up on their feet and chat a bit in order to sort out their order is a good way to break up the routine and infuse some energy into the class for the next activity.


In an eighth grade Connected Math classes observed as well as a traditionally taught eighth grade algebra classes the curriculum was augmented with ‘skill drills’. These were drills to practice computational and number sense skills. They were handed out at the beginning of the week and were due on Friday. They were corrected by the teacher and were part of the overall grade.


For Connected Math classes, based on observation, augmenting these classes with a weekly number sense and computational skill drill sheet really fills in a big hole not covered by the Connected Math curriculum.

In regards to the material covered in the booklet ‘Filling and Wrapping’, the contents taught out of this booklet should be condensed into a six week span. This could be achieved by reducing the amount of application problems and manipulative activities. Responsibility for remembering and demonstrating mastery (via quizzes) of the symbolic representation of key formulas and procedures, such as the area and circumference of a circle, should be required of the students. Ten minutes of class time should be given at the end of the class to do this memorization. Students could go into small groups to test each other, but it should be expected that they will be quizzed on it the following day and at random once on a subsequent day. As part of this memorization activity, for homework formula flash cards should be made out of 2x4 index cards.

There should be more emphasis on translating English statements to symbolic math notation. For ‘Filling and Wrapping’ a review of powers notation and its representation needs to be reviewed. As part of improving problem solving skills it should be required that the first step of the solution to some designated problem be to draw out a picture representing the problem domain. This is a key step in conceptualizing a problem and should be ingrained in the students as one of their first steps to do in solving a problem.


Some recommendations fall under the category of “plain old good teaching” methods regardless of the particular curriculum being taught. In this category would be use of socratic questioning sprinkled throughout the lesson plan. To encourage the weaker student in class participation a question with an obvious answer could be asked or a question could on the spot be reduced to simple multiple choice answers. If students don’t respond to a question it should immediately be broken down to something less complex that they can answer, regressing as far need be to connect with the knowledge that they have. Then this can be followed by building backup gradually the complexity of the questioning leading towards the understanding of the new concept being taught that day.


Math games and puzzles should be integrated into the lesson plan activities on a regular basis and are especially useful learning and practice tools around school vacation periods. A counting reinforcement, type of game could be used once a week or so to wrap up a class for a refresher on number sense. At the end of a class as part of the reflection period the students should be asked to name and briefly describe one thing that they learned in class that day.

Use of calculators should be restricted to certain application problems. Some of amount of testing and quizzing should not allow use of calculators with the idea that students should be continually refreshed in the autonomization of math operations such as division and multiplication.

Mental math should be part of the weekly lesson planning. This develops greater autonomous response and computational efficiency.
Appendix D - An Open Letter to United States Secretary of Education, Richard Riley

AN OPEN LETTER TO UNITED STATES SECRETARY OF EDUCATION, RICHARD RILEY

Dear Secretary Riley: 

In early October of 1999, the United States Department of Education endorsed ten K-12 mathematics programs by describing them as "exemplary" or "promising." There are five programs in each category. The "exemplary" programs announced by the Department of Education are: 

Cognitive Tutor Algebra 
College Preparatory Mathematics (CPM)
Connected Mathematics Program (CMP)
Core-Plus Mathematics Project 
Interactive Mathematics Program (IMP) 

The "promising" programs are: 

Everyday Mathematics 
MathLand
Middle-school Mathematics through Applications Project (MMAP)
Number Power
The University of Chicago School Mathematics Project (UCSMP) 

These mathematics programs are listed and described on the government web site: http://www.enc.org/ed/exemplary/ 
The Expert Panel that made the final decisions did not include active research mathematicians. Expert Panel members originally included former NSF Assistant Director, Luther Williams, and former President of the National Council of Teachers of Mathematics, Jack Price. A list of current Expert Panel members is given at: http://www.ed.gov/offices/OERI/ORAD/KAD/expert_panel/mathmemb.html 
It is not likely that the mainstream views of practicing mathematicians and scientists were shared by those who designed the criteria for selection of "exemplary" and "promising" mathematics curricula. For example, the strong views about arithmetic algorithms expressed by one of the Expert Panel members, Steven Leinwand, are not widely held within the mathematics and scientific communities. In an article entitled, "It's Time To Abandon Computational Algorithms," published February 9, 1994, in Education Week on the Web, he wrote: 

"It's time to recognize that, for many students, real mathematical power, on the one hand, and facility with multidigit, pencil-and-paper computational algorithms, on the other, are mutually exclusive. In fact, it's time to acknowledge that continuing to teach these skills to our students is not only unnecessary, but counterproductive and downright dangerous." (http://www.edweek.org/ew/1994/20lein.h13) 

In sharp contrast, a committee of the American Mathematical Society (AMS), formed for the purpose of representing the views of the AMS to the National Council of Teachers of Mathematics, published a report which stressed the mathematical significance of the arithmetic algorithms, as well as addressing other mathematical issues. This report, published in the February 1998 issue of the Notices of the American Mathematical Society, includes the statement: 

"We would like to emphasize that the standard algorithms of arithmetic are more than just 'ways to get the answer' -- that is, they have theoretical as well as practical significance. For one thing, all the algorithms of arithmetic are preparatory for algebra, since there are (again, not by accident, but by virtue of the construction of the decimal system) strong analogies between arithmetic of ordinary numbers and arithmetic of polynomials." 

Even before the endorsements by the Department of Education were announced, mathematicians and scientists from leading universities had already expressed opposition to several of the programs listed above and had pointed out serious mathematical shortcomings in them. The following criticisms, while not exhaustive, illustrate the level of opposition to the Department of Education's recommended mathematics programs by respected scholars: 

Richard Askey, John Bascom Professor of Mathematics at the University of Wisconsin at Madison and a member of the National Academy of Sciences, pointed out in his paper, "Good Intentions are not Enough" that the grade 6-8 mathematics curriculum Connected Mathematics Program entirely omits the important topic of division of fractions. Professor Askey's paper was presented at the "Conference on Curriculum Wars: Alternative Approaches to Reading and Mathematics" held at Harvard University October 21 and 22, 1999. His paper also identifies other serious mathematical deficiencies of CMP. 

R. James Milgram, professor of mathematics at Stanford University, is the author of "An Evaluation of CMP," "A Preliminary Analysis of SAT-I Mathematics Data for IMP Schools in California," and "Outcomes Analysis for Core Plus Students at Andover High School: One Year Later." This latter paper is based on a statistical survey undertaken by Gregory Bachelis, professor of mathematics at Wayne State University. Each of these papers identifies serious shortcomings in the mathematics programs: CMP, Core-Plus, and IMP. Professor Milgram's papers are posted at: ftp://math.stanford.edu/pub/papers/milgram/ 
Martin Scharlemann, while chairman of the Department of Mathematics at the University of California at Santa Barbara, wrote an open letter deeply critical of the K-6 curriculum MathLand, identified as "promising" by the U. S. Department of Education. In his letter, Professor Scharlemann explains that the standard multiplication algorithm for numbers is not explained in MathLand. Specifically he states, "Astonishing but true -- MathLand does not even mention to its students the standard method of doing multiplication." The letter is posted at: http://mathematicallycorrect.com/ml1.htm 

Betty Tsang, research physicist at Michigan State University, has posted detailed criticisms of the Connected Mathematics Project on her web site at: http://www.nscl.msu.edu/~tsang/CMP/cmp.html 

Hung-Hsi Wu, professor of mathematics at the University of California at Berkeley, has written a general critique of these recent curricula ("The mathematics education reform: Why you should be concerned and what you can do", American Mathematical Monthly 104(1997), 946-954) and a detailed review of one of the "exemplary" curricula, IMP ("Review of Interactive Mathematics Program (IMP) at Berkeley High School", http://www.math.berkeley.edu/~wu). He is concerned about the general lack of careful attention to mathematical substance in the newer offerings. 

While we do not necessarily agree with each of the criticisms of the programs described above, given the serious nature of these criticisms by credible scholars, we believe that it is premature for the United States Government to recommend these ten mathematics programs to schools throughout the nation. We respectfully urge you to withdraw the entire list of "exemplary" and "promising" mathematics curricula, for further consideration, and to announce that withdrawal to the public. We further urge you to include well-respected mathematicians in any future evaluation of mathematics curricula conducted by the U.S. Department of Education. Until such a review has been made, we recommend that school districts not take the words "exemplary" and "promising" in their dictionary meanings, and exercise caution in choosing mathematics programs. 

Sincerely, 

David Klein
Professor of Mathematics
California State University, Northridge 

Richard Askey
John Bascom Professor of Mathematics
University of Wisconsin at Madison 

R. James Milgram
Professor of Mathematics
Stanford University 

Hung-Hsi Wu
Professor of Mathematics
University of California, Berkeley 

Martin Scharlemann
Professor of Mathematics
University of California, Santa Barbara 

Professor Betty Tsang
National Superconducting Cyclotron Laboratory
Michigan State University 

[Note: The above signature list is then followed by an endorsement list containing the names of over 200 scientists, professors, and mathematicians. This endorsement list has been excluded here to save space, but it is a strong indication of the solidarity behind this letter.]
Appendix E - ILP Author’s Background


I think it is important for anyone reading this type of document to know the author’s background. I would consider myself to have been an average math student and a procedural learning personality. In my era (late 1950’s to 1970’s) as a student, math was mostly, if not totally, taught in a traditional fashion. I have B.S and M.S in Electrical Engineering. I am currently working part-time towards, and almost have completed, a Masters in Education degree with a Math Concentration in grades 6-8. I have passed the Massachusetts Teacher Educator Licensor tests for grades 5-8 and also grades 8-12 and have Massachusetts educator preliminary licensure for both grade levels. 
Though I have not taught full time, I was a temporary math tutor within a suburban, public, middle school where I was involved in leading a small group of eighth grade students in an after school math MCAS (Massachusetts Comprehensive Assessment) preparatory program as well as informally coordinating the material to be covered in other like small groups. 
I remember seeing the one full page ad taken out around 1999/2000 in Sunday newspapers across the U.S. that contained the open letter to the then Secretary Of Education from the leading scientists and mathematicians of this nation. I remember being somewhat outraged after reading this letter that our education system would be inflicting inferior math upon our kids and wondered about the insanity of it all.
If I bring a little bit of a different perspective to the table, it would be that I have worked as a software and electrical engineer for a number of years, and that I was able to observe first hand CMP being taught in multiple eighth grade classrooms for a couple of months. During this period I also supported the teachers in the classroom helping students during the group or individual work portion of the CMP lesson plan. Given my blended background, which now also includes having completed math pedagogy courses, I think that some of my CMP observations, analysis, and suggested supplementation should be deemed to have some merit and credibility.

I think there are weaknesses in traditionally taught math that have played out in a negative way in my own life as well as perhaps in other close family member(s). However, I adamantly believe that if the current rendition of the CMP curriculum is taught without abstract/procedural supplementation then we are letting our children down in a big way. And when this occurs, I think there could be implications felt at a national level, in that we will have failed to train the next generation adequately enough 

to maintain the technical dominance needed to support the design and development of novel, sophisticated products within this global economy. A weakened technical dominance could also lead to a state of lessened national security as we are less able to create and produce the sophisticated weaponry and defense systems that could be used to support and maintain democracy and justice throughout the world.
Don Wartonick
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